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Comparison of the edge preservation capabilities of different
variational models for vectorial image denoising

Yu Yuanpo, Pan Zhenkuan, Wei Weibo, Jiang Jing
(College of Information Engineering, Qingdao University, Qingdao 266071 China)

Abstract: Variational models for vectorial image denoising involve couplings of different channels to preserve edges, which
lead to problems of complexity and efficiency. Meanwhile, different types of couplings result in different edge preserving
effects. The objective of our work is to design fast Split-Bregman algorithms for a couple of variational models which have
been proposed in recent years and compare their edge preserving properties and their efficiency. Five variational models for
vectorial image denoising using different regularizers are studied: the LTV (layered total variation) regularizer, the MTV
(multichannel total variation ) regularizer, the CTV ( color total variation) regularizer, the PA ( polyakov action )
regularizer , and the RPA (reduced polyakov action) regularizer. The order of their edge preserving quality and computation
efficiency are given based on numerical experiments. It is shown that the CTV model is the best method for edge preserving
followed by the PA model, the MTV model, the RPA model, and the LTV model. The LTV model is the fastest model,
followed by the MTV model, the RPA model, the CTV model, and the PA model.
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removal tasks in image processing, which has been

0 Introduction solved successfully for scalar image denoising using

Fdge preserving is a basic requirement for noise variational models, such as the TV (total variation)
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model"" | anisotropic diffusion models”’, and the
models based on Riemannian geometry’'. But they
cannot be applied directly to denoise vectorial images
because it will lead to smearing edges due to the
ignorance of the couplings of different layers of the
images.

In order to overcome this problem, Sapiro and
Ringach'*' proposed the anisotropic regularizer in the
variational function based on the eigenvalues and
eigenvectors of the structure tensor of vectorial images to
diffuse the images along edges. Inspired by reference
[1,4], Blomgren and Chan"”’ proposed the CTV (color
total variation ) model using the Euclidean norm as
regularizer. Aujol & Kang'® and Yang et al'”' proposed
a simplified version of reference[5], which is named
MTV (multi-channel total variation) model. Bresson &
Chan'® and Duval et al®®’, named their model VTV
( vector total variation ) model and expressed its
regularizer in dual form. Another important variational
model was proposed by refervence [ 10-12 ], based on
Polyakov action under the Riemannian framework which
is named PA (Polyakov action) model in this paper. Its
reduced version can be obtained via missing the cross
multiplication terms in the regularizer of the PA model,
which is named RPA model here. Although the models
mentioned above are claimed by different authors
considering the couplings between different channels of
vectorial images to reduce the smearing effects on
edges, their results have not yet been compared.

Due to the complexity of the regularization terms
in the variational models for noise removal of vectorial
schemes based on the

images, the computation

%1 are slow. The

traditional gradient descent equations
fast dual method'"’ cannot be extended to all cases.
Therefore we design Split-Bregman algorithms'"* for all
the models mentioned above to simplify their
implementation and speed up their computation. This

is the second goal of our work here.

1 Introduction to the split-Bregman algorithm of

TV model

The Split-Bregman  algorithm, proposed by

Goldstein and Osher'™ | combines the fast Split
method'"”’ and the Bregman iterative method'"®’ for the
image restoration problem. The following TV model is

used for scalar image denoising
. _ A 3 5
min{E(u) = [ 1 Vul de+5 ] (u =) dr} (1)

where f is the original image intensity defined in the
domain 2, u is the desired image to be found, and Ais
the penalty parameter. By introducing the auxiliary
variable w and the Bregman iterative parameter b,
Goldstein and Osher'™ transform Eq. (1) into the
following Split-Bregman iterative formulation ;

k+1

(u" wt) = arg min(E(uw) =

A i
f0| wl de + 2L(u £)dx +
0
2
where, b**' = b* + V' —w'and b’ = w’ = 0. Using

the alternating minimization method, one can obtain

(w -Vu-b"")dx) (2)

the Euler-Lagrange equations on u with

{/\(u ) +6V- (W -Vu-0") =0 inQ

(W' -Vu-0"")n=0 on 942
(3)
After u"*! is obtained in an iterative loop, w"*" can be

solved via the following generalized soft thresholding
formula :

k+l o _ k+1 k+1 1
w —maX(IVu +b I—;,O)x
VukH + bk+1
0

0+ =0

(4)

where, O - % = O means if V u'""' + """ = 0, then
k+1

w = 0. Eq. (3) can be solved using the Gauss-
Seidel iteration. Eq. (4) is in closed form, and both

can be implemented easily and with high efficiency.

2 Split-Bregman algorithms for various vectorial

image denoising models

2.1 The Split-Bregman algorithm for the LTV
model
The simplest variational vectorial image denoising

model can be considered as the direct application of the
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TV model for scalar image denoising to its different

layers. If the vectorial image with n channels is f =

gfl’ 25777

(g,

.1, the desired restored image is u =
,u,| and the LTV (layered total variation)

model using LTV regularizer can be stated as:

Zf|vu|dx+

22j< £} dxl (5)

By introducing an auxiliary variable w and the

mln {E(u) =

Bregman iterative parameter b, Eq. (5) can be
transformed into the following Split-Bregman iterative

formulation :

(" W) = argmln{E(u w) =

w,w

n )

anl w; | dx +7;L(ui -
P

/) dx +7;L(u)l -

Vi, - b)) (6)

k+1 k+1

In each iterative step, uw' =~ and w'" can be

obtained by solving the following Fuler-Lagrange
equations and generalized soft thresholding formulas

{)\(ul ~f) +0V - (w =Vu -b") =0 in
(w0 = Vu, =b")

‘n=0 on 942
(7)
k+1 k+1 k+1 ]7
w; —maX(IVui + b; |_0’0)X
Vuéﬁ-l + bﬁc+l
k+1 k+1 (8)
| Vu;" + b |
0
0 0 " 0

2.2 The Split-Bregman algorithm for the MTV
model

Using the MTV regularizer proposed by reference
[9-10, 16-17],

image denoising can be stated as;

mmE(u)_j / IVuIdx+

?;L(ui —fi)zdx} (9)

By introducing an auxiliary variable w and the Bregman

the minimization problem for vectorial

iterative parameter b, Eq. (9) can be cast into the

following Split-Bregman iterative formulation :

(u" ") = argmln{E(u w) =

- 2
L /;lwil dv +

KRR

Z [ (w, -V, Sb)x ) (10)

In each iterative step, u"*' and """ can be obtained by
solving the following Eq. (7) and generalized soft

thresholding formulas.

1
k+1 k+1 | _ —
w;ﬁ'l = max[ ‘V u; + bi ‘

k
6 n ,OJX
[ 2 Ll P
=1

Ve
‘Vulvﬁl +b1-r+l‘ (11)
with O - % =0.

2.3 The Split-Bregman algorithm for the CTV
model

Using the CTV regularizer proposed in reference
[5] the minimization problem for vectorial image
denoising can be stated as:

sl [3( e

=1

By introducing an auxiliary variable w and the Bregman

iterative parameter b, Eq. (12) can be transformed

into the following Split-Bregman iterative formulation.

("' W) = arg mm{E(u w) =

u,w

/z ([l Jd0)* + 55 ] -
) dx +gijﬂ(wi -

Vou, - b )zdx}

(13)

In each iterative step, u**' and w"*' can be obtained by

solving Eq.(7) and the following generalized soft

thresholding formulas.

k+1 ] 1
wi+ — max{vufﬂ bk+l ‘_ ;
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V k+1 bk+l
0 AN i 14
’ X ‘Vuf‘” b§t+1 ‘ ( )
Zq\
with O - % =0.

2.4 The Split-Bregman algorithm for the variational
model based on the PA regularizer
Using the regularizer based on Polyakov action

(PA) proposed in reference[ 10-12 ],

problem for vectorial image denoising can be stated as:

the minimization
min { E(u) =

j /I-I-B2 ‘V”iz
0 i=1

A5 [ -] (15)

By introducing an auxiliary variable w and the Bregman

n

4
+% ‘Vu£XVuj‘2dx+
L

i=1y=1

iterative parameter b, Eq. (15) can be transformed

into the following Split-Bregman iterative formulation ;

(W) = argmln{E(u w) =

u,w

n &4 n
| /1+gzzwi2+2 S Ly xw, [Pde +
(] i=1

i=1,/=1

gijﬁ(u[ —f)dx +

gz “(wi—Vui—bf”)zdx} (16)
i=1

In each iterative step, u'" and '™ can be obtained by

solving Eq. (7)and the following Fuler-Lagrange equations

n
; +8 2 |wi |’
=1

wA:Jrl — [e(vufnl +bf+l>(1

n 172

Sk xul]) -
I=1,/=1

n

> (w! xw)) XW]‘.‘]/(BZ +

j=1

/1+,BZ |2 +%

(SIISSRENYIS

n

‘wlxw )
I=T, =1

(17)
For the reduced Polyakov action ( RPA) regularizer,

the corresponding variational image denoising model is

mjn{E(u> =[ 14 2 IV e+
i=1

—Zj(u ~f) dx} (18)

By introducing an auxiliary variable w and the
Bregman iterative parameter b, Eq. (18 ) can be
transformed into the following Split-Bregman iterative

formulation :

(0" = drgmln{E(u w) =

. 2
L /l+;|wi| dx +

32:; fn(ui —f) dx +

gi](wl -Vu, - bf+1)2dx} (19)
i=1702

In each iterative step, u'*" and w"*" can be obtained by
solving Eq. (7) and the following generalized soft

thresholding formulas

'Wf“ = max ‘Vuiwl + bfﬂ ‘_
| w} |
,0 | %

0 |1+ > |wh]
i=1

Vuf” +bf+1

IVl 20
with 0 - % = 0.

3 Numerical Examples

In order to compare the edge preserving performance
and the computational efficiency of different variational
models for vectorial image denoising, a color image
composed of four color bars with different Gauss noises is
used for the first denoising tests. All experiments in this
section are implemented using Matlab 7.0 on a PC (Intel
(R), CPU 2.0 GHz, with 2 GB memory).

Fig. 1(a) shows the reference color bar image,
while Fig. 1 (b) shows three local regions around
different edges, and Fig. 1 (c¢) shows an image with
Gauss noise whose mean and variance are 0 and 0. 01
respectively. Fig. 2—6 present the denoising results
using the LTV, MTV, CTV, PA, and RPA models
respectively, demonstrating different edge preserving
effects. Table 1 compares the iterative steps and the

time used for convergence.
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(a) Reference color bar image  (b) Local enlarged regions near edges

(c) Color bar image with noise

Fig.1 Color bar images with and without noise
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(a) Restored image (b) Local enlarged regions near edges

Fig.2 Denoising results using the LTV model
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Fig.3 Denoising results using the MTV model
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Fig.4 Denoising results using the CTV model
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Fig.5 Denoising results using the PA model
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Fig.6 Denoising results using the RPA model

Tab.1 Comparison of the efficiency of the different models

LTV MTV CTV PA RPV
Parameters (A/6) 0.01 /0.02 0.01/0.2 0.01/0.0003  0.01/0.000 02( g = 10 ) 0.01/0.2
Errors/ Steps 0.001/34 0.001/25 0.001/169 0.002/785 0.001/23
Time/s 2.062 3.804 13.391 52.235 3.640

Fig.7 presents a color bar image with Gauss noise
whose mean and variance are 0 and 0.05 respectively.

Fig. 8(a) shows a local region near an edge of the
reference image, Fig. 8 (b)—(f) present different
edge preserving effects of the denoising results using
the LTV, MTV, CTV, PA, and RPA models

respectively. Table 2 compares the iterative steps and

the time used for convergence. Fig.7 A color bar image with Gauss noise

(a) Original (b)LTV (¢) MTV (dCTV (e) PA (f) RPA

Fig.8 Edge preserving effects of different models
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Tab.2 Comparison of the efficiency of the different models

LTV MTV CTV PA RPV
Parameters (A/6) 0.008 /0.05 0.008/0.2 0.008/0.000 2 0.008/0.000 02( B =10 ) 0.008/0.2
Errors/ Steps 0.001/59 0.001/31 0.001/182 0.002/883 0.001/31
Time/s 3.797 4.734 14.025 57.844 4.891

Fig. 9 presents the reference color mark image and
the image noised with Gauss noise with mean 0 and
variance 0. 01. Fig. 10 shows the denoising results
using the LTV, MTV, CTV, PA, and RPA models
respectively. Table 3 compares the efficiency of the
different models.

Our additional experiments, which we cannot
present here due to the page limit, also lead to the
same conclusion :

1) The order of denoising ability is; LTV, MTV,
RPA, CTV, and PA.

2) The order of edge preserving ability is; CTV,
PA, MTV, RPA, and LTV.

(b) Denoising result using the MTV model

3) The order of computation efficiency is: LTV,
MTV, RPA, CTV, and PA.

(a) Reference color mark image (b) Noisy color mark image

Fig.9  Color mark images with and without noises

(¢) Denoising result using the CTV model

(d) Denoising result using the PA model

(e) Denoising result using the RPA model

Fig. 10  Denoising results using different models

Tab.3 Comparison of the efficiency of different models

LTV MTV CTV PA RPV
Parameters (A/6) 0.01 /0.8 0.01/0.2 0.01 /0.0004  0.01 /0.000 1( B =10) 0.01/0.2
Errors/Steps 0.01 /23 0.01/11 0.01/ 29 0.01/127 0.01/11
Time/s 1.875 2.109 2.781 11.848 2.078
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4 Concluding Remarks

The nonlinear variational diffusion models for
scalar image denoising with edge preserving are
successful, but they cannot be applied to vectorial
image denoising with edge preserving directly due to
the different diffusion effects on different channels. The
edge preserving capabilities of five vectorial image
denoising variational models are compared based on
their Split-Bregman algorithms in this paper using the
same penalty parameters. Their computing efficiency
and denoising effects on flat areas are also compared.
Because different models may need different penalty
parameters to achieve the best denoising results for
different images, some additional conclusions may be
made based on further investigations on the effects of

the penalty parameters.
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