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Advances in mathematical theory for multimedia signal processing

Xiong Hongkai', Dai Wenrui', Lin Zhouchen®, Wu Fei’, Yu Junging*,
Shen Yangmei', Xu Mingxing'
1. School of Electronic Information and Electrical Engineering, Shanghai Jiao Tong University, Shanghai 200240, China;
2. School of Electronic Engineering and Computer Science , Peking University, Betjing 100080, China;
3. College of Computer Science and Technology, Zhejiang University, Hangzhou 310027, China;
4. School of Computer Science and Technology, Huazhong University of Science and Technology, Wuhan 430074, China

Abstract: Deep learning models have been widely used in multimedia signal processing. They considerably improve the
performance of signal processing tasks by introducing nonlinearities but lack analytical formulation of optimum and optimali-
ty conditions due to their black-box architectures. In recent years, analyzing the optimal formulation and approximating the
deep learning models based on classical signal processing theory have been popular for multimedia, that is, transform/basis
projection-based models. This paper presents and analyzes the mathematical models and their theoretical bounds for high-
dimensional nonlinear and irregular structured methods based on the fundamental theories of signal processing. The main
content includes structured sparse representation, frame-based deep networks, multilayer convolutional sparse coding, and
graph signal processing. We begin with sparse representation models based on group and hierarchical sparsities with their

optimization methods and subsequently analyze the deep/multilayer networks developed using semi-discrete frames and con-
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volutional sparse coding. We also present graph signal processing models by extending classical signal processing to the
non-Euclidean geometry. Recent advances in these topics achieved by domestic and foreign researchers are compared and
discussed. Structured sparse representation introduces the mixed norms to formulate a group Lasso problem for structural
information, which can be solved using proximal method or network flow optimization. Considering that structured sparse
representation is still based on the linear projection onto dictionary atoms, frame-based deep networks are developed to
extend the semi-discrete frames in multiscale geometric analysis. They inherit the scale and directional decomposition led by
frame theory and introduce nonlinearities to guarantee deformation stability. Inspired by scattering networks, multilayer con-
volutional sparse coding introduces combined regularization into sparse representation to fit max pooling operation. Sparse
representation of irregular multiscale structures can be achieved with the trained overcomplete dictionary in a recursive man-
ner. Graph signal processing extends conventional signal processing into non-Euclidean spaces. When integrated with conv-
olutional neural networks, graph neural networks learn complex relational networks and are desirable for data-driven large-
scale high-dimensional irregular signal processing. This paper forecasts the future work of mathematical theories and models
for multimedia signal processing. This research is useful for developing a generalized graph signal processing model for
large-scale irregular multimedia signals by analyzing the mathematical properties and linkages of conventional signal pro-
cessing and graph spectral model.

Key words: structured sparse representation; {rame-based deep convolutional network; multi-layer convolutional sparse

coding; graph signal processing; multimedia signal processing
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VAU 38 3 A A0 I AR AR A 1Y Ay S, 1
TR BOCIE KA, 2 4E/hh 1 4B/ sk
PR ERG ], AR PERT , B R A AR RS
KUNRIETT I SCAE X ], PRI, 2 4E /)N i LA st 57
PR T R AT e v, = T e, 2 R U
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45,1993 ) F1 3% AR B {E 5 1% (iterative thresholding)
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MRHE SIETEC R . SR TEVF 2 5L BR i g 5t
FORAGTAT L2 25 T 5 BAR SR DG R 45 F v e ie
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RO LU /N RS 1 Jmy 38 34 38 X I, 38 5 00
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IRINE S5, LG R A58 U B A /N RS T X
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$g25%5 /55108 /2020F1 8

RRLTHEL, ®XE, MER, %, TRE, BEE, RBE
SEESHENSFECHIRHE

AN, 2 I8 S R A, T DLt — 2P
W2 MY, a0 3 4 s (Bl Y 57 7 i s ok, Bk
PREY IR B Ak ( Varoquaux 45,2010) , LA K AL T4
] ARG 1 73 )2 4549 ( Bach, 2008 ) , F1 L2L&] 4 i
HEAT 0 2H R 36 45 3% 3 47 5t 1 18] Lasso ( graph Lasso)
) J4E (Jacob 45,2009 ) o fRGE G & JC [m) e 4 (&I A
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A BN B R ALK, © ks FEAE G . R E 2> U7
i, Wen S5 N\ (2016a ) 12 H 45 # £0 A M 27 21 5 %
R IE UL TR JE it 22 19 2% ( DNNss ) 254y (18 95 4 10 3
B DEPAFIC R W28 2 A ) |, e ORIE UK B2 i
FEN 2 ) SR BB R AU A R 28 28R, AR T3
1.2 ETIEZREISHIRE M KEE

e 1 R THEBS 0 R BE R 28 TS o

H 2010 4F AlexNet( Krizhevsky %5 ,2012 ) 7F Ima-
geNet JHUBLA 58 U5 52 38 (LSVRC) #1753k %, 4
T2 I 2% T X JE A8 R i AN B PR32 312 %
o —RT LBt BRI 2l it Ry

USRS , BENS AT M 28 d5c DA T B AP S, )R T 1Y
W PR Hor, e HACER M R TAE 2 i Mallat
(2012) 2 3 A I 199 2%, BE A 52 PR AN A2 FIIE A2
FaE AR LR PERFIE SR I . B P 28 225 B AR 22 1)
2R, A RO AN 7 18] 728 A B Morlet /) g
VE BB, ABBHE 55 | AR MARAE , 28 I 3Kt
WRLE A RN E G RRE A HEETE UM 45, 78
AN RBEFNDT 18] bXof MR AT RS IR . 5B
e 2% LA, B I 28 7038 2 3 IH kAR REE R 4F
FEAE A RO AP ANTDT [0 D21 . IF Hoh T Btz
FARFFZ R RE R AE , PR I 0 25 19 B2 1 R A5 15 2]
PRAIE, Mallat 55 A (2012 ) B HIUH 1% 0 26 F] THRAAE 4
B, IR LSRR 1] B AL (SVM) 2k B 42 BBUR iR 647 53
KRR TS F TR MRE R i, R
TRIE 7 2) 71k (Bruna 45 ,2013a) o 72 HUR W 45 Ll
B AT R 2B AT R PR, BOE 5 B R 2 M 2%
BB 855 W) 2 ) R BT 55 . a0 TESL
PO RAE S5 b B T oS [al AR AR Y 1 4 /N g
Wt , T TR R T R 4 4 D [l A8 V)™ F S U [
AR A5 A R HE T T e 5 I A S0 P 1%
FrEasE , /Ny 26 85 1927 > MEFE (Oyallon 1 Mallat,
2015 ;Sifre #l Mallat,2012) , B B 2% 0] DL gk — 4
GBI M2, T BUR A TR BE M 4% B0 W
BIC 284 D TR 5 0 268 )00 e AR AL 2 BRUZ , Dy I 25
A B 22 M 2 SR AL s AR, ZERIEPEBERY IS DL T

F1 ETHERHREMEEIER

Table 1 Overview of frame-based deep networks

TRIE P 21

TR PE P28 R

HCET 2% ( Bruna #11 Mallat,2013 ; Mallat ,2012)

TEFE A EFT M 2% (Oyallon F1 Mallat, 2015 ; Sifre i1
Mallat,2012)

TR IO 19 2% ( Oyallon 25 ,2017)

PR A SRR E 19 Morlet /NARZ MRS SR T
B I W25 AR A e ARV R AE PRI T

G55 DB IO P 45 5 2 I 2% Dl A I 5 R 0

1o > (0 B 2% ( Xiong %5 ,2016)

ST B WORE 2 9 0 PR REBRCT: (Wiatowski o
Boleskei ,2018)

FET R U 4 40 6 B 4 (Xu 48, 20175 Xu FiI
Xiong,2016)

0B N 46 (Liu 45,2019 )

TREEAETESR B (Ye 45,2018)

A SCHF AL (SVM) 5 R il TR 1L, =7 > BB 9 45 B 4 B
S AR

TR W 205 S A&, 3 8 IS 190 45 D 31 1 22 oA ok ORI etk
FATCH A B HUE SR

H g B A MR IR B4, BA e L AR RE ST, me il 1 HUH
o 2 T 305 PR AR 55 7 i) 7L

J7 SR AR 9 7 5 /N A IO I 2% PR A T

IIMT IR 2 AN HL A 5 S A RE ) A I D 488 T HE SR B I HE S
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Il P 2% 2 80 K IR 1] ( Oyallon 45,2017 )

ST IR W 4% T 5 1) /N ) 2 B O AE 2R A
RSz S 1, Wiatowski 45 A 75 J& B H— PRy 2
B HEZL (semi-discrete frame) J Lipschitz %22 A0k
2V oK BN Tt AL 1R, A 3 R AR e R 2%
( Wiatowski F1 Boleskei, 2018 ) , 4#F X} £ 5 /b A
W 2RI L BT AT Gabor HEZR A5 N Y 5 B, ik
THEZEFS A I TR BE W 28, A T3 704 TR G 8
IEZAHEETT (RelU) -85 Sigmoid p& %5, XUl 1E 1)
PR RCR U2 845 Lipschitz JEZE B AR R #RAT, L
I Lipschitz 14 S5t A A4 E R RAL FP-45 55 B
MWALERAE . 1 B HONE SR (0 VR 2 I 28 5 98 17 A4 Jlt i
W28 1) SRV 2R, AR 2 IR 2 5P A% A 722 1 i Y
2R ARG T e . ARSI AR R, B
A5 U M ZEAHTR ) ACE R AV . 2 B AR
PR R I 28 0k iy IR o1 B8 23 BT T 1) 465 44 o B80T
Lipschitz s IR I015 5 , BB IR FFIE S R e M, IR
R SRR A

SR, b3 R 2% F2 BT X RRAE S B, 3T Morlet
NIRRT, S RE 5 S T B IBURFAIE 21 Ji B
FIR s 4, fRAIESE R Y . B IEREQR Bz AL T
FH 3R fige 335 1) 0 (%) IRk 52 2K (Hankel ) 5 [ J7 125
(Yin 4¢,2017) , IREEASFRHESLIE (Ye 45,2018 ) F1| ]
2 )2 B FRE R IR IE LR BT 7 58 2 TR A TR
JERRZE L o LT BRpp 22 I 2% (A gy =, TR
J3E A5 PR R e T HE R 5 | AT AR B e 5 e i gt
SEERZES, PHEIE IR S ITT | AJRL A T s i
53 S HE B R AL/ FObAR )R  ARIESESE T . 7R
IR AR R R MBS IE B TT N HL R PR 1Y e A
(] IV T T ARAAE BT b, R AT 20 310 o7 s 55 J2 367 1F
TR R B R AE ] 5 BN, DR 31X 5K ARAE
R TR S F=E AN i o i O (P bt S U R T BT 9 =
HEAT , P B RIS N 28 ) B AR MR . T HESR
P RITEBT , R BHESE YR 7R TR T 15 5
7, BEAE LT3R Jm 7 i AR B 3l 1) Je) 8 A 1) 4H
BORAEIR , SEAR T 2 S P R, PR
FRVHE 30 (U B 3 A A 50 ) 46 B 28 T 2 4 A1
TP, BT PHEIRL R IT, B T R 45 R 4T
WEPERE LA R A,

FET IR 7 > 1 58 56 FE G I 28 A IS S Rt 7
BRSO T U TR R 28 R 28 I R i ) N
FFIT4 , Gomez 55 N (2017 ) 2 BML G5 5 A B P 4

THEER A &, St 1 i gk 22 M 2% il T R 4%
i — 2 B AFAE B AT DA H B I A 4 i R Y — )23t
RAFR, itk T R AR AW Bl R — R AE
PR ) 2, AT 98/ 1 IR TR o T X b 25 i
T Jacobsen 5§ A (2018) Ay yE R M 51 A S| T A £
HfRA R T R, A5 BRI R 1
2 T 228 fR R 15 125 U I TR B I 28 AR DI R i A P
W E3E T SRR B ICOCIE B, T AT 3% R 45 76 53
FALSF ERPL RN S Z M . P, B 715 5
TSRS 1) R B P 22 28 e 7 i ATh AR e ek — 2P
#hresEEE.
1.3 HRBHREEE

PG R T M I S RS 52 Al AL T —A>
AR AE ) T T A R ER AR A TR B R
SR, 5 241002 0 TR A B 2 28 AH L, 1%
BB TETE 78 3 A G S TE A A RUBE b i Jm) P 4
ik B 155 Jm BB A 5 A 4 i ] R 3 o 32 3] 56 1
2 JRA BT i B B R Rl B A% G M i 47 BE
AR EE 25 2] LA R AR 22 R 2%

B B 2 % ( CSC) A1 F 7 LI AT A 1) — R 51
UE P W PR M i AR, 1 e SE E AL
LYRAF Zeiler F N (2010) $ o A B b1 G it 368
BT ISR A5 5 1Y AT A2 SR AR AL , A RS AN
7% (shift invariant ) 5 4, 75 Jay i OGP, 7 42 )= 7
PRHE , I 11 Lo/ L, #0051 A JE LR d5e KA HRAF
(Papyan 45,2017a) , SR, AN [F] 45 R 22 100 255 1)
ANRRERE (R GG ) B ALY AN W] o A
PE(TERE AT IR AR 265 TR i 40 B A 7K 4 1 0
PSR RE A, REREE L M DAL BB HEA TR R 43 #T , OF
ST, R TENZ RERE SRR, Su-
lam 55 A (2018 ) 41 J§& 1 45 B M it 4 % , 38 3k 3ok U1 2%
RS 2 2 e ) R gm s 4540, 38 5 5 18 25
WK A o BlJS , Papyan 48 A (2018) Sy 4T L,/
L, W gtk gk i pe A g ar Bie R 22 B A RIIE
T AR B G A 5 A S 2 m Y P RE
U 18

2 2 Jy AR b G A BRI A T
13,1 PR fdf B 2546 (FFT)

5 2 R AT AN T 4 B S8 e B 6 e o
AR AR A TR0 S h 2B AR U
F SRR, T E ARG RO T T 45 W) 52 4%
JEE RIS ) 52 2% J3E D0 4 AR it 20 ) 114 552 R 22 2 )
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Table 2 Convolutional sparse coding models and optimization methods

Pt dri AHIE TAE o o AR 7Y
Papyan % (2017b) L, )5 [a] {5
JUNIGBIEYZS Papyan % (2017¢)
IEAZDLRCIE B Sulam % (2018 ) Lo 21 i) i
Toeplitz J&JF Plaut Fl Giryes (2018)
Chalasani % (2013)
R EE Silva FI Rodriguez (2018)
Sreter Fil Giryes(2018)
N L—’E
ERBIE Liu Z£(2017a) L, 25 [ia]
L~
Bristow 45 (2013)
il B2 46 N ) Wohlberg(2014)
AT RT & Heide %5(2015)
Peng(2019) Lo 2y ] 3
SERETT e Tk Wang % (2018b)
T4~ Wang %5 (2018¢)
L, 2yl
Fh R E R
kﬁlﬂﬁﬁgg?ﬁ Chun Ff] Fessler(2018)
AR

PR R IV 80 i ) A AR, P A S
77 ]3¢ 112 (ADMM) (Boyd, 2010 ) 55K fi# . Bris-
tow S5 N (2013 ) X L, 24 3 14 46 B 1 i i 1) AL
K H] ADMM JE47 U o 73 fiff , 9647 PR R . Wohl-
berg(2014) 7 ADMM fGALAHE S rb, 1) pe s 4 R v
AR (FFT) |, AT 325 A5 08 5 s 50 R M 5C R 1Y
WS IREE . Heide 25 A (2015) #5401k H 5 bk Kl
ROME N BRER L, JFRERE I G0 i A6
T Chun il Fessler (2018) 35 TRl R 45 ¢
PR P v B R AR, R U ADMM. ik g PR g
ek Choudhury 28 A (2017) 2% FE [ (K R H] ADMM
KA R T S B ) PN AT #E L 20 DI A ) R, 42
ST OB — ST TR S 4
1.3.2  Toeplitz J&FF

75— T AT IR AE 25 8 b 4 e 2 M i
FRSR AR SETE o 322895 TR 3 S AR ) Rt ol B i 4
B RRAR T A AP 0 e 24 [ ALY O 2 L (HIX SRR
S 2% BE BT - BRI bR A B A g S i A
T o F ] Toeplitz K 478 8, K R 45 UG 7

SRR TR , Sy B N S R L G S AR T —
T3 Y JEL % ( Papyan 55,2017¢) o £&F Toeplitz 7% 6
A U 4 Ry - A EAE AR R I 5 A8 TU 4%, PRy 1)
AT 5 8 SR P T R B - B A G A O ik S B R
G b, AR A T A B S e P ] B A
Hery R ( Papyan 25 ,2017b) o figii — & 5 TAE R
TR FHUCACIE B3 ( Plaut 1 Giryes, 2018 ; Sulam 4%,
2018) A3 A [ {55 125 ( Chalasani 45,2013 ; Silva Fil
Rodriguez,2018 ; Sreter FlI Giryes, 2018 ) 3 fi# ) 7] fig
PEo JIF HATal i A 2y 2], 70 R 6 A i 5
R MR 2 O A 1] RUK i &40% (Liu %8,2017) , i
T Lo TN i 24 R B 5 B 5 20 5 7] 2 NP [i]
L, ELAE kA e v A B A 1 AN RE AR TE WS SR 1
it , RZBEEHT DT 7E 82 5 | AL Uik U5
RS, BL JEBUW AR BB i o) i A
H TR R ZR B0 B 7 A A A% & AR i B 75T (Bao
&: 2016) .
1.3.3 Wi

2 J7 A5 B i 2 A S S g B AR 50 A AR A
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ZMERE T H—MTB. 2268
L N =M NS L (BN DO IS RN
PR G g RA AR BN E L, HATE
MHT Z A5 5B H F, dn Zhu 1 Lucey
(2015 ) A &M G g i, A B 9K A AR 1Y md e 4
Il ik 5 4 - ol G 2 A e R 10 A BR 4 B
P, AR WP A Y 2 2 e S 003008 o A 454> 1Y 3
HAEBN . TEANER IS L B S b, kT R e
AR, ) A R it B ) A P Sl SR B B R O
TE ISR T & A EOE AR L ]k o i 4 B
A AR TG S5 S HERG A AN (RS B ( Cogliati 2%,
2015) . Zhang 1 Patel (2016 ) | Ffj & TR i 20 5 ,
FLEL TR R AT 20k (R NSO ) |, ANl 2
AR E S ey o JRy AR o B, 3% 07 b m) T R
5 ALY 54 ff, 40 W JR I BR (Zhang Fl Patel
2017) .,

AR, BT AW B S5 AR B TR A 75
ARG AE 25K, 46 TR i 4 A A R 38 ¥ 52 3 S T
Zhou %5 A\ (2014 ) -3 BUM b 4 B 2047 2 615 48
HE2 2T Y — FR 5 46 RHUE B e 2H 2 s A [R] A= P %
ZWOGIE, RR AL B = Rk, Chang 5 A
(2018 ) K& i g i 5 iR 2 A 45 5, L T8
WB AL 432K, Jas 28 A (2017) B FEE 4
A 4 0 R 3 5 AP g 2 B, )T S e R 20 B B B K
1 (CEM) Bk, A 28 I [] e 97 548 v 4 i 7 A A%
JERSETE (J5F) , IF HAT T AR RS TR
E o TESNASRT LR S AZ R AR 18 i E A H, Quan
1 Jeong (2016 ) 45 R i 2 L) 8 7 KL T~ RE 12t 1Y)
RGP AR, 1) P A8 B o465 R R S s I8 5
23] Ffi@ F ADMM 3R %, Serrano £ A (2016) 7E
o0 20 2590 F LG o7 T A R I i o %o A AR
JIA% )i, Huang 55 A (2017 ) 4 i 55 e B k5 4 A1
i it i B 15 ¥ [) O A A 0 3 0 B2 5 IR AR
B
1.4 BEERMEME

bl B R R R, G5 B AR
BIR TR AN 0 19 4% 45 4 (Ui o 18 R LA 4 )
RN EFA I B FDZ5# (FEAC 45 31 T
GERUA M ) o A5 S B T L AR 6 /N iR A
el (5 5 AL BRI FE X Y S o SCHERR [R5 8] Hh AR 2
R R 2k 155, P e s 1 R 1 ] e 4
AFNMF S o Qfar 27 43 B AL B 2 8 4 AN

W55 B T A e X, BRIy —Fh R
MBHEFRRIEZ, RR AR A7 b 20 ) /55 48 55 2 24 19
FFPRFR AR A s 4R AR E 5 2R B
EI5 5408 B 7 A AR RS [B) EAT R TR S N
TEFANE G S A e . H AT B G S A R
WA LA A BRI R

1) BT 0 A A3 8 B 2 ( Chung 1997 ) , 4%
LG f5 5 AL PR E Y R 3] RO i 15 181 15 540 21
216 ( Hammond 45,2011 ; Shuman 45,2013) , FHLJ
XoF R TE A 1 s 25 S I 1) 56 5 TR S B A
B Sl B A 4, A s Bl B R R
/N B8 (Hammond 55 ,2011) | & {5 5 R A 3
15 ( Chen £§,2015 ; Tsitsvero 25,2016 ) L M & & I #%
ZH FRiE ( Narang Fl1 Ortega 2012 ; Tanaka 1 Sakiyama,
2014 ; Teke FlI Vaidyanathan,2017) ., T 3k 45 X} )
TESE RIS PR [, 555 408 e B 4R 1AL
HTCmE b

2) BT AR R 3 i AR B E S AL RS
(Sandryhaila il Moura,2013) , X% {F 5 4b 3 B
T PRI SR AE RG E SCN - 501, SRR Bk it |
PO PR AE EIB A 5 A B R R o A
BTG RIS A2, OSBRI AT LAY R 3]
A, LLERE T B 5 20 B B AR B
FEi

TR EE T A PRAL GEE o AL PR 7 51
RPN A S R 2 N 2% 1) o
33 s EIGRZ gA . 1% B S A S
T & XAERAAERACERN T E FES . K
R L P A 48 DGR T %) PRI R U e 1) e 4 1
SEHEAE Ayl B B DR AE A E D A 3 (Shuman
85,2013) o Horh HoA /N AE (B 1Y FRRALE 1] R AE
TEIE F GG AR A AR [ 15 5, T R AR AE (BN o7 )
RE ] R AE R AR5 o ik T (R0 B AR 4, ]
ARG S AL BB IE h 1 F- 7% 4 FURI 8 i S5 M &
P J B EUE 538, T8 B a BT ) B A B
(Hammond %%,2011 ; Shuman %¢,2013) , % & & {8
B AR A — T 4 Ry AR A, OO I R R T BT A
T, AT LA JEY AL G {7 o Ak B v % e e L i
ARG F /NI, B2 T JR B 4 P (Hammond 45,
2011 ;Shuman Z,2016b) , F-n] it — % EE (S
i) 2 R E# F1% , Coifman 1 Maggioni (2006 ) R ¥E 4™
BIORSERLA AN [) RUBE R4 B 19 TR 4 2m R A 112
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EUE S TE AN [A] 73 PN 19 A1 5 % Shuman 88 A
(2015) #E— 4R 1 B 3& BT S 0 Al 1Y SR AE
ZE/INB AR o Pl O, R H R TR SRAE L R 4
U TS AN B E R FERE SR 1) 22 RUBE [ iz 35 ol i 7
{6 (Shuman 4§ ,2016a) , 2 T 1545 528 el b T
FeE G S R TR SR A8 4, 47 HU N
3, ( Bremer 45,2006 ) | £ T IR BE 27 > (1 18] /)N i 7% 46t
( Rustamov Fll Guibas ,2013) ) K 3t T 45 44 1R /)N I
54 (Ram 55,2011 ) FHARPSE H

Wil R B2 2 2T (1) 2 e, A5 FE bl 42 IO 2% 5 K g 2
BERE T LA SR AL BRRE 145 3 1 K 30 F0 R JiE K
FEUR 28 0 24 [ S R D 25 ] 47 o R o B T 58 4 R o
P AR 22 ) 2% ol et P T4 3K 3l 1) v 4 A
FIU (=5 (40 M FIAL B ( Wu 22 ,2019) o Bruna 25 A
(2013 ) B S AE 15 1B 5 5 b P 3 S it 1 5 2o ¥ 14
DB A 2 A 3 P A BB AR TR 10T B 14 45 B M
2 I A5 A B 22 I 285 i LA FH Ak B )
BT o EJE B T IR AR ) i AR rh g
DL AT AR AR 20 i, A AR = 13T 3 A A i
SRR BRI T2 28 1 AT e A5G T Ak )N
PSR BB T ELZ R I A A H A Jm B A 1, HO UK
Z WP A A, o AL UE P AR I 2E K T SRR
FIZE R (5 o FEILEERE I, Henaff 25 A (2015) 2445
R 2 B T4 B8 R 54 ST 30 L ) v 2 4
I b K A 2 2] SRR R B B e N 45 v, ]

JFH 23 SRR A P J5i, 38 ok A PR3 PN 2 > LA
V- AR T BT 9 R K, AR B — o R AR
(0 A 1, [ I A PR IR 2 S 50, I
AU LA KUK, Defferrard 45 A (2016) DLYJ S R
Z W A T R DR A AR AT LA M SR R R Y T L
P50 BB AR ER AR, JF HLA R B R B A 3 48
1t 22 Iy PR S M AT 22 00 PR B B R 22 ) 295 25
> o 2O S H i B I8 A A B v el 7 D I8
i, HOU T 55 F R 2 0 A A e o UK, O HL
TV AN BE X 7 AR P X 2 77 15 45 A T A
N T TR R, CayleyNet L) Cayley 22301k 5t
P A] 2 o] B A AR U e , T LAAR G i % 72 4 5
PEAT 3 157 F1UE W (Levie 55,2019) , Bianchi 55 A
(2019) $&H a] 27 2] (1% [ [8] 05 ¥ 2 ~F- 15 [ i e i, )
FA S R BONAT: 2 DR g A AT 0T, 1 P 3 A 7
KX EF S AT/ A A B . AT 2 I B R
g, FCELAT SN2 A I A AR S (], RE RS AT
LGSR RIS, T LA S JIORS B b 3T AT U
H T IR IR A 1 AN R TR R 0T AR B Rk ]
SRR, % T BG5S F B S5 28 AL B 64
AT LAY 3 23 I R 5 S A B P BRlE, Zou 1 Ler-
man(2019) 3£ T2 £ R & Hammond & /)y I
(Hammond 55 ,2011) , 4 Hit 5 722 4™ Jig 31 &1 3 TR
225 rh IR RE R SR HESA SV &L
il E

R3 EESRMENE

Table 3 Spectral graph convolutional neural networks

o 25 A5 Y RETR A
Bruna % SR B UG A 3 T 2 2 BISFRIRAE . X B RS RO A TRAE S  TE A A2 L R
runa 2£(2013b)

Henaff 4% (2015)

Defferrard %% (2016 )

Levie 4%(2019)

Bianchi %% (2019)

Xu ££(2019)

Zou F Lerman(2019)

I ISP AR AL AL ELAS B SR ik I

A 2 SO R, 2 ) S e AR i A — i R i (e Pk Y [T A . S ROR IR I A, B
RIS MBS, T R AN ZRAE i o U T/ N

DI S RZ IR IES B G BB RS o IR D as A A% Jm R I, TS R i 52 s
RIEREAR . 2R BN A, A IV RE 2 PR EL T

il Cayley Z2 5N BAGE A 27 ~) BB BRUB B AR , AT ARG o 0] 75475 5 26 A7 2 (L MBI o I8
AN LA RS SR N TR AR AR

B A [l U Bl 14 [ e , A1) P A e 50 SRS A 8 PR B e , B 138 090 75 O B A5 5
AT AT AL B . HA 532 IR AR AR 25 ], BERS TR AT R e R K

5 P VL /N R A e e L - R 8 i o BR R A T IR E PR AN e P 245 /N A e L 4% i A
P AR R A I PR i

BT HUN A 3 R U 2 R 2% BAT REREST IR HES AN A 1 A0 T B 1

5
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2 ER#HIRERE

2.1 HHMELFERRTEER

ST AR R R T5 1%, B NI BT LR H
BT — RIS BBTSCR . b0 K22 Y Li
SN (2017 ) K 2 Mgt W FH U030 s 4 TR,
W15 o0 R K Sl A 5 125 18] (UoDS ) , #)
A LN 128 (8] ) LA L e L 45 A Ak
P, B F P T T R4 O A 5 P 5 E A
R W FEN B 32 1 2 TR Bk 278 (LRR) 19
TS AR E R T, 7E g R T A e, SR
— B TR A B SRR AR A%, R Rk A 1
PRI HLSL A 25 [ 4544 (Liu 55,2013 ) 5 7 e L fil
b BRI A 2 B X A 2k (BDR) 75 5 (9 1E
DU SF 308 T figp e 12 18] SR 2K ) AT ( Lu 45,2019) ¢
PA2EHL T RHECR 79 Dong 25 A (2015) A1 2L T4
Mg 19 () 25 s 1L 9 4% (SSC) , 32 H g i RO TR &
(GSM) BRI 4F J&y 3B (non-local ) I J& , i HI T+ H 4R
FIREIRUESS o [RImE, A AT R AR S 25 F AL 7
G A AT O R B O B AR T A i
SR PR BRI, KAl T o e ML 5 o
i ( Dong %,2016) o ALAHURZE(Y Lu I Peng(2013)
B Ly i R I 5 | A S AR , (7
JITAR ) s 5 IR RE S AR TR B 45 44 , il
AR AE B B P AR DG, ) T 2 TR T SO 2T 1Y
NS B A B B A PERE SR E . TR, Zhou 25
N (2013) H5 25 kg AL A it L T Ly - AR 2 32 T
ke AR Lasso &), N5 5 2% B9 R RUSH R 2L
PRSI R A A E R4 Be B S L5 B iy
Peng 25 A (2017) £ %F k. 3 1k F B G I TR) 488 H 45
FEI PR B AR TRL , 73 390 A1) 1 o 2454 A A it 1 01
TG, ARCDRA B P75 14 1 DU 0P T e PR AR 25 4 9
LR A AR F A B PG B ELA AR R R St 251, i
R U TR b e s )
o B REE o AR R B TR Wen S5 JORAT 24
4 TSR] ) RS A DA 7 BRI 45 ) 57 i b SR A
ARG /s (A Tl 308 3 A 4 Ly -8 5 XOM i 1 oA 4
ARR AR L N AV DR = e d
2.2 ETIEZREBIEHRE M KKE

TEHE TFHESR PRLIE R R 3E ) 45 152 5 1, [ PN AT
TEEET BUN M4 B RERE AT T RO A o 16

JOL TR, S B0 AR N RRAE SR BT 51 AR AL
HUN o BN, 5 BRSNS A R LAR T ik
(1 F BRI, X T AN ] 25 (R A A A i, SIS
FIRERE AN 1R 52 /N D I 3 14 TR B A I 285, EAY
AL ORI, M T HICRS 90 2% 16 G M B A 1V
GINGR, 32 TH R (Wang 55,2018a) o |50 K
SERTIEN GORETU 245 5 S BRI 2 R A5 AR A 5, 1
e S B s (TR /N D5 A BRI 268, P 0 2t % ]
GRS HERAT 55 (Gao Fll Xiong,2016) , @i S
R TR /N AR 265 BE A8 ] IR 1) P IS 10 45 AR 4l
A o O YRR 7 A B Ao 10 )51, A A B 2
PO 28 R A 17 20 D

T AE BRI 3k AT, 1 AR R 2 ST R
2 FN RS R (R K R 45 19 ROBEAS AR PR 5 A
R AWML, 455 2 ROERHE S BORTR ] (Xu
55,2014) o FEIRZ B IRHY , A BE— S0 T A
e R el RO A 40 o8 7525 2710 3G FH A ) ) 2
P SRR , I AE AN I 1 2 100 i 1 B0 T Ak
MR A . AR KA BB BUA Y
FRPEH A, S T 0BG /N A T P 45 L AR A
e LAt L, S A T SCRY S B8 A AR P (Liu 4%,
2019) o s AT 70 BN AR 4 AN OB 4R A
FEV LRI P 25, 51 AN [R) 23 B e B0 A5 5 £ 4703
B, ST BR e R B Aoy B PERE . T i 5g il
REARITTEN BN A 5 70 ik FEAG 19 #1136 H A et
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e RO INAI DR ST X (B R A R I E Ay Z 3 (b
HATSESC BRI 196 U 45 (Xu 25,2017 5 Xu Al
Xiong,2016) o F FHT DA% A s {6 HL I 222 45 o 14 4% £
A HL Sl AT AR 4, S B O3 B A 5 1) R RUBE O3 i
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R, BT SRAEHE R 52 B R, 32 U B i
TR BT 25, R R 25 v, 43 ik RUBE AN g [m] £
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A TEALETT 1 FIRE B i1 o 5 R n]
EARFET 5 0 M DR A% 2 X PR A B D A 4L
H, SEBIE S HA
2.3 HRBHBGED

Xt T T A A ) A UG AL 20 B K A [ AL, I HG
S T Al AR A L i i P 2 SRR, [ P T 58 A
2018 F112019 443 B 42 Bk, 5 7E gk ADMM 3k
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B HRTF R IERE (Chen 25,2016 ) o P4 22 5238 K4
RSN DAL I I 25 B I L b FH 22 RUBE 6 B
LA , 30 I 2 AR 0 e A B AN R 57 B RO T
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4 22 ROBEHRPE , HEATRTIR Bk (Li 48,2018a) .

e T G 10 R AT 4 2 BRR o 2 2 P
TR SRR R P T R S R B IR R
— PR, PG HER B T, RO
W IR T RS BTSN B, 5 B EE T H S5
P P A5 AR B A5 3R — P ) TR R, 308 e 4 BR 0
RO T i /AU 3 0 P A ) R ] e S A [ (R B
Ay, AT SR8 P 1530 2 O B e b 7™ R R R AN — 3K
TR Gu 25,2015 ) o U1 R~ S50 TSN 5
FEH ML (CT) [ il M E g A, 5
AN R 2 eV DA EE R 0 A TR RS ) s i 5 U
L, LB T AR R 1 AL DTk S T A
7 P S B G ZR — B R ( Bao 25,2019) .

2.4 EEREMEME

[ Py T I 5 A PSR BE R 80, B K
A AP 22 10 24 JR R TR T 2 ~J 4B A A TR PN 119 7
R AT IR 1 AN B BIF S AR, 225w
Erh TEIE RIS M A5 B BT AIANSC R o FEMI 4%
BTSSR TT I, TE R EE DTSN ILE 2018 A-FE
BT ) 7 1 ] 4 R 4%, A A0l /D JR 32 B 11 K
/IN(Chen 25,2018 ) ; TR AT Lab 42 Hi [ 38 ) [ 45 1
Mhze 4% (Li 45 ,2018b) , W] 152 A A ALY
FIVE A fc s, Hh R e RS AR GBI TN B
S TR/ 265 {6l P T /N 90 R A R e A B v e

THEE BUa S B JEE T /N R 45 (Xu 55,2019) ¢
/NGB AR AT X T P o L A e BT i L Sy s A
LR IC S, AR W 2 I AT 55 R BUS TAR
Yy B[R]t 8 75 1R £ Ak BRI P R 45 1) 285
A BA H SR PT T

FERL 7 18, 34 K5 Dai 96 A (2018) SE7E K
22 0 25 R R S A XS R A T3 oA 3 i ]
GRS B 0 KA . Bl SOk
RN SR T — it 23 [ 5 B 4%, 3 AT EAT]
AT AZEAT RN ( Yan 25,2018) o X APRIE LT
NSRS VL i 14 B ] i 37) 3 75 T 230 285 4 A e
FRE P AR Ay IF 2 1] 265 R ) 45 T 41 P2 ik oo g 2
IR S S RPN N R PN R il
BEXS LU A 3R T £RIR SO (W 45,2019) , v 21 T
P R 22 ) 285 PR FIAH S BEE o

3 ERSMARBRILER

SRR (LM R ) 2 BB dsc L o 5% [ A
167 P T 27 e AT e R 3 T 2006 4F42 H
(Yuan fil Lin,2006) , &4, Ik F KL 7 000 L5
AR LA B bR [ b ) 4500 15 2, 7
G M T 0 T DU B AR, BT A T 2 SR A
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R EEWTTEIKES , 254 A i 27 BB A [ PN b
(R AR 22 BIF 50 00 A B o [ A0 8 F 5 N O3 7R W
OB S REX 3 MR EAE TIFZ DUk, Al
i ( Yuan il Lin,2006) 432 #5 5% ( Zhao £ ,2009 )
5% % i ( Meinshausen F1 Biithlmann , 2006 ) % 7 [}
Sy, 228 J5 10 e 5 ik (Boyd, 2010) | i/ I 53 32
(Jenatton 55,2011b) | [ 2% 35 fIi A ( Mairal 55,2011 )
S A R B T, 2011 4R BB % 3 TR % 30 )
JMLR ( Journal of Machine Learning Research) I, %
[l INRIA #F5EBEfY Bach 58 AJL & 3K T 3 R4t ik
i 35 7 1) 4 it T /E (Jenatton 25, 2011a, 2011b;
Mairal 55 ,2011) , 7€ 2012 4 MBCE O £ B2
K RARGEFIARGT ) R 58 L R0 S, W i AN R G
RS T L 5 7843 B BRIR LAl 43 (Bach 4%,
2011) . [E XA H AT 2 B BF 98 2978 2012 4F
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