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Abstract: In image processing and computer graphics, non-Euclidean data such as graphs have gained increasing attention
in recent years because Euclidean data such as images and videos fail to represent data with structure information. Com-
pared with traditional Euclidean data, the scale of a graph can be arbitrary large. The structure of a graph usually contains
information such as the relation between vertices, the logical sequences, and the properties of graph itself. While images
can be easily converted into graphs based on the Euclidean position of pixels, graphs (especially for irregular graphs) can
merely be converted into images. Therefore, graphs require a higher level of representation learning compared with tradi-
tional Euclidean data. However, in the era of deep learning, traditional convolution neural networks (CNNs) fail to learn
representations for graphs due to permutation covariance for nodewise features and permutation invariance for outputs such
as classification labels. The performance of CNNs in graph representation learning is still limited even if inputs are aug-

mented by arbitrary permutation during training to learn permutation covariance. The development of graph neural networks
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and graph convolution operations achieves milestone in representation learning of non-Euclidean data such as graphs. Com-
monly, graph convolution neural networks (GCNs) can be divided into two categories: spatial GCNs and spectral GCNs.
Spatial GCNs focus on the establishment of neighborhood and update with aggregation functions that combine the features of
the center vertex and its neighbors. Though GCNs based on neighborhood feature aggregation encourage the propagation of
nodewise features, deep GCNs usually suffer from oversmoothness issue, and the features of vertices become indistinguish-
able. Therefore, later works consider introducing skip connections in deep GCNs or constructing shallow GCNs with multi-
scale neighborhood considered within each convolution to alleviate this issue. Spectral GCNs focus on the graph spectral
theorem and update their parameters by signal filtering in spectral domain with designed filters. However, eigen-
decomposition of graph shift operator is costly for large graphs because its computation complexity is O(N?). Therefore,
spectral GCNs usually apply K-order polynomials (i. e. , Chebyshev polynomials) to approximate the target filters and
avoid eigen-decomposition. Though spectral GCNs may avoid oversmoothness issue with graph filter design, the limited
number of learnable parameters and filter responses of spectral GCNs usually limit their expression ability. Spatial GCNs
and spectral GCNs are not necessarily independent from one another. For example, 1-order Chebyshev polynomials with
diffusion matrix are equivalent to feature aggregation within 1-hop neighborhood. Therefore, spatial GCNs based on feature
aggregation with diffusion Laplacian matrix or lazy random walk matrix usually have the spectral form, which bridges the
spatial GCNs and spectral GCNs. The rapid development in graph representation learning gives rise to the demand for sur-
vey and review that summarize existing works and serve as guidance for beginners. Currently, graph neural networks such
as graph convolution neural networks, graph embeddings, and graph autoencoders have been reviewed. However, current
surveys and reviews lack one domain in graph representation learning: graph scattering transforms (GSTs) and graph scat-
tering networks (GSNs). GSNs are non-trainable spectral GCNs based on wavelet decomposition. With the benefit of multi-
scale wavelets and the structure of networks, GSNs generate diverse features with nearly nonoverlapping frequency
responses in the spectral domain. As one of the newly developed graph representation learning methods, GSNs are used in
tasks such as graph classification and node classification. Recent works employed graph scattering transform to spatial
GCNs to overcome the oversmoothness issue. Compared with spectral GCNs, GSNs generate diverse features that
strengthen the expressive capability of model without introducing the oversmoothness issue. However, the nontrainable
property of GSNs may limit the flexibility in graph representation learning on different graph datasets with different distribu-
tions of spectrum. GSNs suffer from the exponential growth of diffusion paths with the increase of scattering layers, which
limit the depth of GSNs in practice. In this paper, a survey comprehensively reviews the designs from GCNs to GSNs.
First, GCNs are divided into two categories: spatial GCNs and spectral GCNs. Spatial GCNs are categorized into the follow-
ing types: 1) diffusion-based GCNs, 2) GCNs on large graphs with neighbor sampling or subgraph sampling, 3) GCNs
with attention mechanism, and 4) GCNs with dynamic neighborhood construction. Spectral GCNs are reviewed according
to different filters (filter kernels) : Chebyshev polynomials, Cayley polynomials, and K-order polynomials. After address-
ing the drawbacks of spatial GCNs and spectral GCNs, the definition of GSTs, the structure of classical GSNs, and the
advantages of GSNs compared with GCNs are introduced. The current arts of GSNs are elaborated from the perspectives of
network design along with application and stability in theory. The networks and application of graph scattering transform
are reviewed in the following categories: 1) classical GSNs, 2) graph scattering transforms in GCNs to solve the over-
smoothness issue, 3) graph attention networks with GSTs, 4) graph scattering transform on spatial-temporal graphs ,
5) reducing scattering paths of GSNs via pruning to increase the efficiency of graph scattering transform, 6) GSNs with mul-
tiresolution graphs, and 7) trainable GSNs with wavelet scale selection and learnable spectral filters. In theory, the frame
theorem and the stability theorem under signal and topology perturbation, respectively, are concluded. The limitations of
GSNs (GSTs) in current works are analyzed, and possible directions for the development of graph scattering technics in the
future are proposed.

Key words: deep learning; graph convolution network (GCN) ; graph scattering network (GSN) ; representation learning;

stability ; signal perturbation; topology perturbation
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R, DCNN 7EHR1E R & b 2% 18 1K 6] K/ i 48
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KT Al s (RIS ) o X749 i, FLARBGE
RIS (ulu e V, (u,v) e EVP I EXISIREE
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AT QR HEAT SRAE , T R T 2 i R O
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GAT (graph attention) (Velickovié 55 , 2018 ) 4 1
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x, — o 2 a; Wx,) (12)

NG

[y, GAT W2t 1 2 3k 7 2 1AL (Vaswani
% ,2017) . GaAN (gated attention network ) (Zhang
85 ,2018a) % JEF 22 3 T R I AL Y 4 L RR iE 23 (8]
IR RIS E B/, 5| A W] 22 2 SHOR I AR 445
fIE 25 o] 9 S 2240 . 7F GAT 9 & Ak I, Chen 88 A
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(retional graph attention network ) . 5 GAT Fl1Z 3k
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PRI B3 T M 55 B9 R AR~

5 ik Bl 4 M 25 A A, DGCNN (dynamic
graph convolution neural network ) (Wang %5 ,2019a) >k
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% % DGCNN )3 & , MPU (patch-based progres-
sive 3D point set upsampling) (Wang %5 ,2019b) fl PU-
GCN (point cloud upsampling using graph convolutioni
network) (Qian 4%, 2021) 73 5| 4& 1 B4 % i1 45 BRI
2R AN A R R 4 o 8 320 4 B ) s i e Y
SR RFIE A O S A BRI ) Z2 AR T 225 1) 1)
FRI 268 108 1 3R r o a5 B A TR R SR <408 J i B9
ik, S 22 OB R AE A 42 B . AM-GCN (adaptive
multi-channel graph convolution network ) (Wang %5 ,

2020) [a] i 2% FH 23 1] K -8B S84 P AR AE K41 34 (]
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5o T S ABEURAE TS I B RAE AR RS (E 5
PRI TR ST (0 R 2> Bl SR AR A2 A, DRI 408

B AL R AR X X R A . S RS
TR F 2 7 T H 5L e 6 R 258 B AR L | BE
% 2 [ JRy B 25 18] N IR AIE o SR T I 2 D9 246 23 50
I, 72 Sl P A AR A AR Bl 2ok - R, AR Li 5%
A (2019) £ 1 1% 8 %5 1% 32 141 45 R 4% (dense graph
convolution network , DenseGCN ) I 5 J22 1% 22 [ %5 1

x2 THESHRMERBEANILE R

Table 2 Comparison of works in spatial graph convolution neural networks

o sRmas o S wlonk £
PSCN(Niepert %5 ,2016) x x x AEH &1 502
DCNN( Atwood Fl Towsley,2016) N x R B ESAE S
GraphSAGE (Hamilton % ,2018) x N - Mean/Max/LSTM Pool RIS
GAT(Velitkovie %,2018) X x x Ak Ve S
MoNet(Monti %5 ,2017) X x X AR o255 5oy
Stotastic GCN(Chen %5 ,2017) x N - AR TR
FastGCN(Chen % ,2018) x N - AFKH RSV
LGCN(Gao%,2018) N - K-largest selection RIS
Sort Pool(Zhang % ,2018b) N x x Sort Pool BPIRS
GaAN(Zhang%%,2018a) x x x Mean/Max Pool W A5 2/3838
Ad-sample GCN(Huang % ,2018) x N - R RV
PGC-DGCNN(Tran %§,2018) N x x Sort Pool LS
Co/Self-training GCN (Li%%,2018a) x x x AR W RITR
Diff Pool (Ying %,2018) x x x Diff Pool GRS
GIN(Xu%#,2019) X x x AR VS
DeepGCNs(Li%,2019) x x x Max Pool MR
DGCNN(Wang2%,2019a) x x N Max/Sum Pool R34
Geniepath(Liu%§,2019) x x N REH WK
MixHop (Abu-El-Haija % ,2019) N x AR LS
Cluster-GCN( Chiang % ,2019) x N - RFH RIS
VR-GCN(Ye%:,2019) X X X AR BbRie CA I 1#)
Geom-GCN (Pei % ,2020) x x N Mean/Max/Energy Pool W
AM-GCN(Wang % ,2020) x x N AR TR
PU-GCN(Qian % ,2021) V x J Max Pool B R
r-GAT(Chen % ,2021) X x X AR EURRI
DGCSACR#f %5 ,2021) x x N AR H B E
SGCN(Shi %:,2021) x x x AR LR USR]
GSN-e/v(Bouritsas 25,2023 ) X X x AR K532k

= RORAE BRI A , N R Z T AT I A RS S AR A, X R T R P I R AR U S A
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2% ( residual graph convolution network , ResGCN ) fig
TE—EREJE b e ad -3 (et , (EL AL TRAAE SR 5 1Y
23 Bl P A FRAS Joi b S — R 8 0 4 (Nt AT Maae-
hara,2019) .
2.2 EEESRM %

55 QBRI 2R A 23 S T A BRI 28 A (] 3 Ja
I 5 B ) 2% 5 R T T4 PR I A8 S R AT 1 B
AR S AR B f R AT B S S S iR A2~ o
T [11) (2 e A5 AR T A s AU 2 ) 2% 4 e 30 &1 T
PATR R85 < B4 B 4I0 80 22 S BUR A% 301 i Ak
T b L e A= A4, HLRE RO R B S22 BE D O(N?),
XFF 2N GRS R EH E AR R & . NI E
JS7 P R (0 22 29158 3T (Hamilton 45, 2018;
Chen &5 , 2020) K s % ] 37 85 53 1 B4 A ik A6 93
T I (10 3% 45 1] 5 B ER Bruna 25 A (2014) 42 4, 3 5
VA — Ak PRI 8 R 30T B L RS AR 1] 4T 5 15 )
T L, L B B A 07 SAHE S AT B A
h

X =o(Ug,(AU'X)) (14)

A, g, (A) 5K T LARFAEAE X A B A pR K 1
Bruna 55 A (2014) J5 i Hy LA 1=, Henaff %5 A (2015)
B 138 D e T LA SR A B R e ) R 2R
HiFE O, = diag(6,. -+, 6,)% 335 XAEWH |- 1B
DB T T P B AR 2 SR T RE S . A
g (A) g5 LA 9 Z2 g g , B

gg(A)=K210kA‘ (15)

1 T 2P R AS BESF AN — 41— R
P Y 22 100 D

K-1 K-1
U(D 0, AW %= 0,L'x=g,(L)x (16)
k=0 k=0

PRIt , AT DA ok 22 20X 3 i Sl a4 1) 0 Xk
LB AT BT 1. Defferrard 55 A (2016)
& H Chebyshev £ 5l 3, (Hammond % , 2011) 3K i& it
T E P, E

g (A) = Kzlem(ﬁ) (17)

K, T,() A Chebyshev 2 13X, Wi /2 T, (x) =1,
T (x)=x, 2T, (x)=2T,_,(x)-T,_,(x), A=
2A/N . = Ly A N LR K AFAE(E

Yo BT A AR AE(E WS B [ -1, 1] X . 7
Chebyshev 23 2 T 1) 5L At I, Kazi 55 A (2019) 7]

I FH 22 A AN T i o B 140 0 8 6 Xy AR AR EAT 45
B IR B UG 5 A e i B 4 sl Rt AR ) T 34
A3 — &, £ 1 T Inception-GCN (receptive field
aware graph convolution network )

GCN (Kipf il Welling, 2017) #E— ¥ A, i1k
2,383 K A 1B Chebyshev 22 I 2@ U1 A9 5 =X, K
TR R B TR A

xt g, = 0px — 6, D" AD " (18)
N T B 1k AU I s PR A BRI 45 192 A, GON
¥ ERSHOHE iR, = -6, = 0. N THiRZ
J2 BRI 48 B R E P, GON R 8 IH —fR R 473
FLTHE I LA BRI S e . LAy
X,., =o(LX0,) (19)
F9 F, GON iy & BUE 55 50T 1- B R AE 9 1K
(Zhuang 1 Ma, 2018) , 5 Gt W] DA Ry 356 T4 dul
SR B 2 UK B TR 2%

KM, Chebyshev 22 7006 T2 4y IR 1 5% 1) 2 JfT
A TE S AL T ZA = R BT BUA RETE B/ N 1R 22
PN AE VT ZE W IR DA o Levie 25 A (2019) i & 3 X 4
BB, B2 T Cayley 2250 X0 1B 0% I 48 EA 70
Cayley Z I JE— 5 R AL & e B i 230, 2%
Tz LI E LY Cayley JESE 28 K

g (L)x = cyx + 2Re { 20/ (RL =il Y (hL + il )7x}

(20)
A, e = (e ep5 00y ¢, ) I —DSEROR A JE B G
BTG h A TE AL 25, Chebyshev Z 3 =] DL
SERCN Cayley ZIA b 1) —FhAFIRTE 0L . 52
I 2 e 8 0 28 AN T Tseng(2020) 1 Bianchi %5 A
(2022) 938 1 31 Fi 0 B2 0 22 30 50 73 2R A
Ok T Bl 405 A0 23 ) 7 9 IGE U ) D IR A L 20 i)
X (4) ()R,

5 Z 11 =L Bl 5 A TA] , AGCN (adaptive graph
convolution network ) (Li %, 2018b ) ¥ L K Al 22 3
S, B SRR (L, X, ) W IR 7 307 50 P R AT
ST B R B RS

Z = UKS‘IF(L,X,F)kUTX (21)
X, ' 280, AGCN LERRE Y it 2h A 1 Ja PR T
FIA S By #hFh a1, A B T A48 AE S8 2 sl Z [ 1 B

JBL X & . APPNP (approximate personalized propaga-
tion of neural predictions) (Gasteiger 55 , 2022a) | 8
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it PageRank %12 5t [ 7 19 K 7 108 O 4 o 447 5]
G R
X, =1 -a)LX, +of,(X,) (22)

K, (Xo) WFRAEHRE RS X 30 0 P02 2 1 4 N 4% Je
&5 o S8, X, o0 4556 12 B R AE .
APPNP RE % 75 A3 1 18] 5 FRZ $0000 175 100 T gl 4 B
| Z2 B B N A AR HE R AL

BT iRk E 5L, GDC (graph diffusion con-
volution) (Gasteiger 45, 2022b ) i i K # B2 Hi B T =
D™ AD™"” BEAT K 4 B A T kB A AR )

K-1
X =o(>6T'X) (23)
k=0

Wu %5 A (2019) N iU BT LARSL i1k, 5%
IR 1 J2 A1 AR L PR B0 PR ECLL B[R] B ER 0 5 7%
Wi 4 T S T e s 280 1 T A B Y SGC (sim-
plifying graph convolution network ) , (X 7£ i iH JZ 15 &
0] 2] RO I softmax 25 A5 . HAK N
X, =T%X, (24)
SGC R FIMALH SRRBHEFERFE A = A + yI B RS
LB A — A 3 i S A B LR B R AE B T =
D""PA'D" K E RAFAERR N 2 BRI 3 1. 5 e 7
PRAE I IE I A 7RIS AN AU 175 D0 T ik 5 1 0B 2
TETG I BT BB BB A DL . T SR W] RY HU
[ EEA |, Zhu Fl Koniusz(2020) £ H1 T S*GC(simple
spectral graph convolution ) , H{& K

A . 1 & ’
Y = Lo (g 2T XO,) (25)
k=0

FHEL SGC., S*GC I AT I i3y 451 0 11 4 (] 4 T A

iy , (A5 1% 3ok 108 U i T) Pof S B T 1 4 SR £ R
) Jmy #B A B o

ZF]SGC F GCN i3 & , Chen 58 A (2020) 2

T GCN*kff ke GCN th 24t > 3y Rk BE J1 R

BB AE EW R . GON* R A B RTE N

X, =o(((1 - a)LX, + o, X,)((1 - B)I, +BW,))

(26)

K, MB HESE. it 25k 25 % H: DL K

ResNet (residual network ) (He 25, 2016) H {14 5 25 i

ST GON*BRRBAE IS SN AL & KB AR R R 2L

)08 0 4, SCREAE IO 285 J2 B0 i B 25 4 e sl B R A1
SUR S AN

FEINT S T IS E SRR S N, —

J5 T, 15 A A BUR T AR S5 5 A B 7 =00 i A

FRAEJEATUE B ARAE , O R AR A 1l 7 s A
GARLASMY R 5 55— T, BT I — AR i
R I e R R I il T R 2 1 AP A LAl 5
X, B3 8 E B L (D . GON (Kipf A1 Welling,
2017) ) JL-F-55 R 738 T QBB A RRAE 3R G, B3 el 14
LR B ETURR TRK i5EE SRR
DI 3 B P e e oA it A 2 P AR it P2
[F) 0, (A% e 15 3l Pl 46 R 6% v g — 22 4 B ERAE AL
MR AR, AT ) SRUD AR U R L
B AR X BRERIBRE T o

3 BEESmE

3.1 BEH#EsTH
PR 78 e A B Gama 25 A (2018) 42 K¢ 1
[ £5 G55 5 1 15 728 # (Bruna Al Mallat, 2013) 41 Ji&
A bl E R AR AT A — R
) 22 ROBE /NI DA AL L s b, YN RS 5 BB ik
17X 4y o BB X 2% (graph scattering network ,
GSN) [ EZZEM I 1 TR o B ESFUERAEIL N *,
By A5 o 10 3 RIS 46 55 1 )2 PP BT 5 P i
FFAE e, I 11T — 2 (1045717 A% 3 AN [] 9 5055
| (0 < < T = 1)o PO 4 B — 2 h 1
AN ASCHE A [ A R AR U AR 4
FHOE, JE 0] — 2 A5 WU 1 R E
XF — &K E N LM KR =
[pispas o p 10 < p, < J = 1) R 5 HX I RUBE 1) —
RN, -, ) 8 XAEIZBEAR T BT %
WETH
Plpla=| x|, ¢, #x|---|  (27)
SO AR i SCRR L, 2 AR % AR p I A
IR )
S[Gllple=¢ @[plx (28)
X b, o J R B RUEE sRE . %25 I B %
Hp=0, FIEH e LHS[CID]x = b,
W B LI I A U AR M L B Bk P R T
—A M2 R BB S R BN T M TR U
Q= P RESCE R R BT % (1

0<l<M

PRSP T 205 R FH OB 5 IR ER
PhAS e, b TN R BN AR L AR IE 45 G TR A
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Table 3 Comparison of works in spectrum graph convolution neural networks

e FIN 55 (GSO) U ELILES 115
Bruna 5§ A (2014) ETALE DRIV EZE RERGE KBS
Henaff % A\ (2015) H— e R (L) AT YN ol R ARG
ChebNet(Defferrard 55 ,2016) H— e R R (L) Chebyshev 21X BEESBENG S
GCN(Kipf fll Welling,2017) I — A B RS R (L) — 1 Chebyshev Z2 T, WA
CayleyNets(Levie %5,2019) A— AL (L,,) Cayley ZTi 5, B 5215 55325
AGCN (Li%,2018b) SRR R A (AT 7)) Chebyshev 23 5; SRy s e 11
DGCN(Zhuang fil Ma,2018) PPMI — B 4L Chebyshev Z2 102X, R
GCRNN(Seo%,2018) A E PSR (2L, /A, — D Chebyshev 217, i 25 ] o
DCRNN(Li %,2018c) H— e R R (L) KB 23 223 Pl
SGC(Wu%,2019) S.a=1-D""AD"(A" =A+yI) KW £ 35t AN K
GDC(Gasteiger % ,2022b) P B (T) K22 55 RV S
InceptionGCN (Kazi %5 ,2019) A — L AR (L) Chebyshev Z 1=, (&2
GCN2(Chen%,2020) S,.=D"AD" KW 20X VS
S2GC(Zhu Fil Koniusz,2020) PR REFE R (T) K25k iVies
Tseng(2020) A— LR R (L,,) a3 QuE P A TR e T
ARMA (Bianchi % ,2022) S,.=1-1L,, ARMA JE U 2% W 4y
SGWF(Shen%%,2021) H—fb B SR (L) Z NN BRI Ry
ADC(Zhao % ,2021) FIH AL E BB (D AD™") I E2TE:N WA
JacobiConv(Wang Fll Zhang,2022) H—fb B R (L) Jacobi 2T WK

{175 PO AR B A A T 24k

PRIHICS PR 28 AR [ S AN T Y11 25 1) 1 P 2 L
%, M T BIE BTG, t 2 ROE /N8
2 KLY B 1) 308 0 I8 A A T AR S S B Y ) A [
BF, R T RTHIOT X 45 (R HIC BR AR B2 B R R A0 K
R AN AT I 25, PTI98 SR e 8 i 11 Z2 FE AR 1Y)
FRAIE , TR M 0 15 Sl 1 25 FR I 46 Ay 1 RS AIE LA B —
SEBRIFRRE A R 1 R
3.2 EHSNENTRENH
3.2.1 ABGEEIR A4 K

o LAY U 25 8 (Gama 25,2018 ) SR JH 5 7 &1
VEAEMET = 12(1 + D AD " )E - B T,
51 AP # /N B (Coifman Fl Maggioni, 2006;
Bremer %, 2006 ) 47 IR A8 4 . 40/ N i 19 25 5
Tk

po=1-T, =T (UI-T""), j>1

P HUNBAE 2 SRS I Y B R R . Perl-

mutter 55 A (2023) UE ] 1 B0 B 467 8 811 i
/NI 55 TR S A B A A P /N DB A LU A e e
AETEAR I | 5 PR AR 4 v ) R AL A B8 7 AT T
W) RIS TAER, Gao %5 A (2019) % FHEXS #)
(o e B ALY A R P ORAR B BN . ZEARSERY
2SR L SR P R A&
%%%%ﬁm%%ﬁwﬁ%%%m¢bﬁﬁﬁm
AH 7] 19 4 38 R 1 ,MWF%%E¢%F§AE
Perlmutter 55 A (2020 ) % 1% 4t (8 B2 2 0 T2 i 47 25 L
KRR AR A &, I i TR AR ﬁ%jax/ﬁﬁ
Jai BB JLAATAFALE o

1 Bk TAERIERE B, Min 25 A (2020) % S =
D AD Ve N BRI T o B B AR e 5 AL G
2T 4 (Kipf 1 Welling, 2017 ) #1454 3K fi#t - GCN
HHOAG R AIE 2 F 3 [R) 8T, Scattering GCN (scattering
graph convolution network ) (Min %5 , 2020) 2k /] GCN
TIPS AR 48 3 T A B A5 5 PGB AR X,
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Ji I J-1 J
a0, 1" & H & N
BUZ -y A |, | *x]
Ji A J
1 1
3 ." W ‘,

* *
M,

P 32 BB 2% 0 2454
Fig. 1 The structure of a GSN with 3 layers and 4 filters

AT SRR X, T80 5 4 AT T e T AR AT DR
Scattering GCN B U4 I T B 5 1 2 RO HFAE , ff
13 BRI 2 h R RRIE T 20040 ikt 1 AR
R R, B
X = |i210(8'X,, 00, + BL))
Xoi=[ioio(@IplX, 0%, + BL)  (29)
% #| Min 58 A (2020) 89 7 & , Wenkel 55 A
(2022) 42 3 TR A EIHUR AL (hybrid scattering net-
work , Hybrid-GSN) , i JGili id i 22 ) 240 @ e R
A e S 38007 1 s TR o e P A AR TR RO O3
I B FBCAVR 38 A G RR AL ek T — Y 2R pR AR
Faconeeans (=) X5 25 A8 RFAE { X5, 38 T 8 RE AR
{ X000}, c o BFAT R A5 B B B i AR S RRAE , BD
X, = freensorre (U X lio s (X, c0) - (30)
3.2.2 I 45 AR R
TEAL GE B 28 e 1) SRt |, 5 2200 TAE$
T 22T RS T 2% 1) A5 R B g L SRS I 2 A TR AT
% AR B (Min %5, 2021 ; Cheng %5, 2022 ; Tong 4,
2022) , fift Y A% Ge K AT 2% Bl B (Toannidis 55 ,
2022) , BRE PRI HICH 00 465 1 i 21 BE 52 % A N 2 5] 400
(Pan§,2021),
D) E SPGB 4 . GSAN (graph
scattering attention network ) (Min 55 , 2021) 3k FHi 5

Scattering GCN AH B A R AE $2 B A5 4 , [R] B 5] A T
GAT(Velitkovie 55 ,2018) Hr i = AL , e i =~
5T Y A 38 A EE R SRS AN ] RUBE T 1 PRI
TEFN B FURRAE . GSAN 3 /g SCi & I AL 1) 4
MILESH a e R (d ki ARHE R0 8 50 k315
25 2 FURRAE AR 728 R AIE B V8 38 ) A i i A
TG E R IIAGE o) il alr) lE (ITE S @R, B
X = C‘a’(ia;ﬁltl@/ikx,,l + zai{.’,fl@|(15[p]Xl,l |" )

(31)
K, C = K + £, (2) {80 R A Ay 38 R AE %) %5
W2 fo OFREES T ITTR N, AL MRS
()= frav(+)o
2) By A BB AR M. B TR RIS 5 i
A AN TE] S I 4% v n] B H B A LR BRI 32 5 0
BET OEU RS . XA A, Toannidis 4
N (2022) X6F FEIHIURT R 28 39047 BT ROR 55 48 THE I ] 5
FRIEARREZS 0] R T — S5 MU A2 p B FLAE i 4%
[p.j 10 <j<J-1), &8 p,j| L OYBUENAL B
Sy E— R EBE SRR L EDN T T E
o, M BEAR ] p, j | SO AT A B AR BT 25 BAR Ry

| ®lp.jlxlF _

< 32
(@l pls I (32)
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M 25 45 AN T R R, 9 A P O
(pruned graph scattering transform, p-GST) 7£ JL-F-{#
R RASFRAL 2 2] BEJT B RIAR T 3548 1 a8 55 o] Ry
fiEA7 A2 1] o

3) mf s b i EHLSS 28 4, ST-GST (spatio-
temporal graph scattering transform ) (Pan %5 , 2021)
i TF;ZI%IE]LI_JQ%THT SEFPRRIE A T4
AR 255 X e RV, 752K 2 $ul 0 i Ja8 5
A4 1 1 Fﬁm(ﬁ?i%ﬁlﬁ PRI P AR B BB L
X IO 19 25 3R/ N ) R S BT, ST-GST R =

TEAL(pl. p!? ) K TS 2 LR — A1 i 5 X
TERUEE G p = [(ppt), -+, (ptpi!) | LRI 25 ]
IO 1 5T

D[ plx = oo (@lap) ) p)") (33)

BT I 23 s A R RO /N R 2 A i s
P P RO B — SR AR BRI T, > A AR £ 3
55 TEJG2eTA/EM, ST-GSTN(ChengZ5,2022) 5| A
T p-GST(Toannidis %5, 2022 ) B 5 Al JEUAH SR 42 THif 23
P TS PETHICSRS 190 265 14 1 5038 B 19 A R A7 2 [

4) 2 RO 9 B LS 4% . MGST (multi-scale
graph scattering transform) (Liu 55 , 2022 ) 22 06 [ it
(R UF i Bu R ES k| e W o B e o
e B Z2 00 BT 2 REFFIE. MGST % &
S5 /N BYAS S O B HEAEARL AT I A9 4R AE (] 6w, 75 2% T
ABIE RSO R R B VRIS V=
{v,eV,u,,(v,)20}fV ={v, eV, u,, (v,) <O}M
AR LSRG T i AR B IS AR N IR R R A T
K G HI 6o i R RE A8 75 12 0 3 PR AT FR Rl
AEAGAR 21— AR5 R BCE D T & . MGST R dii A
15503 AR SR B A — 2R 91 1 (&1 B R AT I O A2 4,
GEICIERCHINESe = SCE N XL (18

5) 3 7 PRI 4 o 3k Pl R o 4 S e i
T2 E B 22 RUBE /NI DA R i A AR5 EA T 1
B AR 4 R RAE 2 1 RAGE A —E 1 R BRI
LEGS (leanable geometric scattering) (Tong % , 2021,
2022) B YN Al 2 ] ZH05 1 P HIC 90 268 0 10 4 Y
R v 3 3 0T 7 N RUBE 1 1 3 Ok A A
$0 TR IS RE i 1461 TR SN HETAN AN NP I B NI e |
{1,2, -+, m}, LEGS 3R FH 7 2% 2] ) R O 3k 4 B4
Fe R BN

F = [ f‘sol‘lmux (01 )9f‘suflmux (02 )7 ot 7f;uflma,\ (0.] ) ]T (34)

i 37 softmax J2 X 4 U8 I 7 >R A9 PO R
JEHEAT A R VEE . LEGS /1N 8 I 2 4 il 3 3k
AN

%:I—iFﬁﬁ @:iu'
=1 t=1
§,=DF,P (35)
1=1

Xif B R 1 22 B80S A 15 4 PO I 4%
LEGS #4 82 (1) [ 38 I 5 H0ORLE 1 BRLIE I #5F 41 58 T 4
Hiu R FH A o0 A AS TR B 4 I, 7E R A2 2 AT
55 HAT T R G

PO AR B T AR BT S B gs g 4 s . 1R
RO ES B B Mg — BT
AN L2 (6) 25 6] Jl - v, T IR S5 1) 4% 7S B 1)
SR (TE LI 1) A8 ) T 7 A 77 3 08 It 2 4 BRI ) v
A L HLZ )R L bk e 1 R [l O s A
EH A A ), PO RO I 446 7 A R AR B T 22
AL, B — N AR AR P4 1)

3.3 BEESMREEER

55 11 4 B 245 AN [R) o T Pl 300 00 6% 2 T 1)
LS55 U SR S BIUE S L, L+
T A B ) PR X 246 b 0T EL 25 L B () o W 75 ) 47
TPk, BRI 250 A5 S sE Hb Z 240 shit, i )
e sh w7 Je B e — 2 JE R 2 N
3.3.1 faSsh MavtoE e

X EE = « AR S B E 5 5 DL R 6 Fidh
MRS T I G, Zou Fl Lerman (2020 )44 18] B0 525 46
FRIEMPL sh A N

€(%,%,6.6)=| DIIS[CIlplz-S[C]plxl’

(36)
R4 S A0 T AR 0 R R AIE 2 55 e DA TSN AR iy ) AT
14 KK EG 5
FE SR A  A FSE P A B b, AN R TAE X T
IS sh it +— ﬁ Gama %5 A\ (2018) i
I ) PR RS A 4 A B B R 2 SRR 5 40 8 T 1Y
%ﬁﬁﬁm%%szu+D“urﬂ¢ﬁ@%&
T HR A AR ZEL 0, 122 8], YR8 f Y
A XHE B, < 1B, BLAT ¥ =y, b, ) A B R 5 B4 HE
o RFEE S B ARSI E R C (B, ), 15

Bl x [I* < ZII g P < 2P (37)
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Table 4 Comparison of works in graph scattering networks field

Linil FIi 5T (GSO) WA BRSNS RoE T 1%
GST(Gama%,2018) 1 B RO R PN x N e MRS S
Perlmutter 25 A (2023) RBRE RO x N Pl S 3 432
Gama 5§ A (2019) AR AR E X N FoE PEEE AT
GST-SVM(Gao45,2019) P B AT L0 P THUINE x X K7y
Perlmutter % A (2020) Laplace-Beltrami . F  Haar/NJ x N T s 42
Zou Fl Lerman (2020) V3 0 PN x N e MBS S
Scattering GCN (Min 45, 2020) T P BE AL A 56 P ¥HU N x x WRTE
ST-GST(Pan%,2021) i VE R MLI A S PN N 2 PR 2
LEGS(Tong % ,2021) YV AL 2 U N N PSS
GSAN(Min % ,2021) ek B A A PN x N VAR B
MGST(Liu%,2022) M BE ML AE R PN x ( %;ﬁ ) 432k
ST-GSTN(Cheng %,2022) Ve 1 BEATLIE A R R Eil: I GNYd x x Fisf 2 [
p-GST (loannidis % ,2022) ARBRE AR X J Pl 53280 =5y
GRASSY (Bhaskar % ,2022) e VEBRLIE AL R PN N x Pl
SPGSN(Li%,2022) S=12(1+AI|A|))  Zmi e N x i 25 [ Tt )
Chew 55 A (2022) HRBRE PN x N AT/ 5324
Min 5% A (2022) 1 1 BE AL AE 4 P YrHUINE x X Max-clique [ i
Hybrid-GSN(Wenkel %,2022) 15 PERfHLIEE 4 PN x x %S%U%ﬁ%/
VN R ZI, ¢ x IR AL A LT

T O 26 BB SR R A E IR AN et R AR IR T LR R, 5 AR e A5 1)

AR R 2% AL 35 5 5 B RE i, /NI B HE SR BRI 1S5
SIS B R Bh A AE B RR . 25 IHE , Zou
F1 Lerman(2020) 42 4 24 /INRz 16 2

6.+ 10,
B, BT I 4 R 2 2Z (8] A5 B T 2
Sletplx] = 3 [@ipls] +

peP peP

SIsieliplx| (39)

BV 265 R 5 12 1 IO A% e 1 55 TR BRI
201 A IR R E RO RE R S5 1 + 1RO AL i g
T, DR, B 1 AR RE i 2 U, 0 4%
FP Y L RE R TS, DA P03l T Y i A
ZS A
3.3.2  ERIMLSh B pfs e rEHe

FHECAR P03l PR 19 268 06 181 3 4 ML 3 B R

=1 (38)

B P 28 AN TR, R P 20 25 sl e A (5 5 42
S5F B PN i 1) o, (AT A3 A AN BRI R A3
RN S AT 25 5 o AR TAEX e s it e
SR A TE , S5 et r 22 5% o Gama %5 A
(2018 )3 i 4™ B B (diffusion distance ) K 5E LK
/NS . KB G 5 G s T R ORI R T, Al
T, WA

(6.6)= jnf |
A ,H%%ﬁ}ﬁ%ﬁ%(permutation matrix) o BN
XL RRIC N Wra — (4x)/ 25, Gama 3 A (2018) 45
YRR AR B N S i AR AR R R S 25 e
S

T2 - I'TXIT|  (40)

p(1+p)

(1-p*)
(41)

;gﬂw;-nwgr < 2d(6G, G)
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o, B = max(Be.B;) < 1.B A PE 9 HUREE
T R . X T —> M2 O 0 2%, A
SO A(x) ={ @[ plx, p e Q)RR EHU L L
RS o TERINIRS T S X Bt 4 B P T
AT BT SR IEEh T A PR 5 B R I A 22 (BN

[a.(2) - A,(x) S {(1 _Zﬂ_d(c,é)) +

k=0

B.(1+B7) 5 2
k gy d(G,G)]”x I (42)
K, B = min (B, B;), B. = max (B, B )o

Gao 55 N\ (2019) 5 FH I 55 1) 7 2ok iy it B 22
TE 71 frc/INEE B, 3 o 40 A e I, W ) G 1
PATEHET A HEBR T S 5IEE 6 W E
BT S MR B IR/ L 1R 22 T M € R AR S RS 2
]G3 , AR

€(S,8)={II"SIT - S =¢'S + SE 1T e 11,

d(S.S) = min |&] (43)

£eelS.S)
X —HESLR SAE S350 D A F B /N
j:{o’ 19"'9J_ 1}}vﬁ

(v,
Wl <S o] <l (40)
=0

o R AW <CdS.S) sy U R
| €M e = T | < v N 19 ERIRIRSAE ) F 5 0
T BB RHE N 2 5 R

|A(x) - A(;(i)||<7;(212 (BZJ)’) |=] (45)

5 Gama %5 A\ (2018) fll Gao % A (2019) % Ji &
R R 2 s K5 i TR] B e/ NER S AR T, Zou
H1 Lerman (2020 ) 5% AR MEAE A, F1 A, B9 fe KA 5h &
DA BRRAIE ) 1w, R a2, 2 TR B9 B R JE £ 2k 2 LR 3R
ML SAETEE B C, M CF ISR E S sh = Al
REE DR B 2 A, - K| < 52, Flain () <
Yi=1,2, -, N,7E Zou fll Lerman(2020) {7\
HEAER (A = B = 1), AT HU AR i 22 20 AR

Slsteipts-steipia] < © L

=

(46)
i, C = 3CM (M - 200 = 2003000 o R fif e K]

T 25 WP BE NS B B 40 J2 3 ek LU A 8, Tl
> C, 2
2 E/HS[G][p]x" <W||x|| (47)

3.4 EHHNEELSHANEZREAE

R — AN YN 25 1 35 45 1 2 BRI 4%, T
I 4% 5 I 1% 07 FH RN B8 e Ji #0340 Jy B E /)N Ui HE 28
Mo X FAREESE , v] RB T 2L 1 8 I #5 A4 fig
TR B S A O R B OB, A1 okt P61 855 IO 8% 1 AN T
WIRtE—E R ERRE 7 HRIE 2 T R E M. &
SR Tong 55 N (2021) A 3 P M 5| A W] 2% 2] 407 &
PR P 265 v k) A 7 0 O 4, (R T RUBE 7 146 11
07 I TR e I R SR B T IR /N HE S, LA L
FEVNZRRTHLE R Eya Bl . o R ayE & S 80 T
=N T % NI 552 S o AN S e 5 Y] - S 3978 1)
2o R MBS RL I FRIKRR T o D3 — T I, EOOR EI
SR I 2 B S5RGBT A Z2 AR B RRIE S L (HOE
PR I A0 i )2 50 2 i R K 1 O R AL R A 1 BT
DR TR B o T ORI R X 45, FRAE2% 2T (1)
IFEIF A e R B . BRUL, 78 H R e 1
PR W28 B TR B2 R 22 BRI 3~5 2. 5 18 T HIUH
D 28 rh g A2 1] B A4 A N (R 8% 15 48 TG
] AR , i BEBE IR 19 22 70 B RRAIE . SR, LT
D) 28 R AN A7 2 (] AR i 4 X T RE R R
PUAE A Bt Ak 1 AR T8 2 5 T 19 S0 A% (Zhang 55
2018b; Ying 45,2018 ; Gao il Ji, 2022 ) i J&: 3 75 14
K (Von Luxburg, 2007 ; Bruna 45 2014) KR Z1EAF
RN, BVEE AR 254N R B Rl /N B R F R
S R I AR b AR L F NS A A 75 T T
2R AE J5 SO AR S rh i AR [ B RAE B 5]
PO P 28 % IR AN B B R e Pk . IRk, dn el 75 5 |
A B A 1 [T B DR PRI P 4% 1 B e PRt — 1 R
FEEL IS AER-8 & w11

FEFUG 5 EDE 4 1 2 1, H AT GCN 2 4 Re %
3 S X RUA A T R (BT, A TR 3 5 5325 (Zhou
% ,2022b) , LUK G A 2s B B 43 2 5 0 (28
FI 4520205 Wk 4,2021) . GSN BARE L RENSIE
HF#EE (Gao % ,2019) . M4 5 i (Perlmutter,
2020) Fli 25 & (Cheng %5, 2022 ; Li %, 2022) i 7325
AT, AH B 23 T 9 RO AR e (ST-GST) A
[Fi] I 200 1) P 25 R 20U AH ], R4 SR ke = >R P BT 1
SR i figp DR RS AR A DG 1 o

FERRIE T3 T, H AT PR P 2% 1 e M 43 B
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