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Construction of quartic PH curves via interpolating given points

Fang Lincong', Yang Chengzhuan', Di Wenyu’, Liu Fang'
1. School of Information Management and Artificial Intelligence, Zhejiang University of Finance and Economics ,

Hangzhou 310018, China; 2. School of Economics and Management, Tongji University, Shanghai 200082, China

Abstract: Objective The problem of interpolating three distinct planar points using quartic Pythagorean hodograph ( PH)
curves is studied. PH curves comprise an important class of polynomial curves that form a mathematical foundation of most
current computer-aided design (CAD) tools. By incorporating special algebraic structures into their hodograph curves, PH
curves exhibit many advanced properties over ordinary polynomial parametric curves. These properties include polynomial
arc-length functions and rational offset curves. Thus, PH curves are considered a sophisticated solution for a variety of diffi-
cult issues arising in applications (e. g. , tool paths) in the fields of computer numerically controlled machining and real-
time motion control. For example, the arc-length of a PH curve can be computed without numerical integration, accelera-
ting algorithms for numerically controlled machining. The offsets of a PH curve can also be represented exactly rather than
being approximated in CAD systems. Thus, analyzing and manipulating PH curves are of considerable practical value in

CAD and other applications. PH curves can be represented as widely used Bézier curves. The most intuitive and efficient
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method for constructing PH curves is by adjusting the control points of Bézier curves under conditions that guarantee PH
properties. Therefore, a variety of methods for identifying PH curves are developed. Another important application of PH
curves is the geometric construction of these curves. Considerable work has been conducted on Hermite interpolation with
different degrees of PH curves. However, methods for interpolating three or more planar points have been rarely studied.
Method The necessary and sufficient condition for a planar curve to be a PH curve is a form of a product of complex polyno-
mials, and a Bézier curve and its first derivative are Bernstein polynomials, which are a form of the sum of Bernstein basis
functions. We derive a system of complex nonlinear equations by considering the compatibility of the two forms. The geo-
metric meanings of the coefficients are then introduced by presenting several auxiliary points for their Bézier control poly-
gons. To construct a quartic PH curve that interpolates any given three planar points, the first and last points are used as
the two endpoints of a Bézier curve. The second point is parameterized by computing the chord lengths by connecting three
given points. A complex unknown should be solved considering the integration of the first derivative. The compatibility of
complex systems provides a quadratic complex equation with a real coefficient. Thus, in accordance with the fundamental
theorem of algebra, two quartic PH curves satisfy any given conditions. A user may interactively construct a series of quartic
PH curves by specifying a real coefficient. Result The method is implemented using MATLAB. A maximum of two families
of quartic PH curves can be constructed for any given three points. Moreover, arc-lengths, bending energy, and absolute
rotation numbers can be computed to select the best solution. Curves with low energy and/or an absolute rotation number
can be generally regarded as the best solution because curves with a large bending energy and/or absolute rotation numbers
are typically self-intersected. Examples show that the shape can be interactively adjusted by changing a real coefficient,
determining the parameter value of the cusp. Lastly, the offsets of the constructed quartic PH curves are shown. Conclu-
sion The proposed method can efficiently construct quartic PH curves for any given three planar points. Only a quadratic
complex equation is required to be solved. Thus, the method is robust and efficient. Future studies may consider other
applications of the proposed method, e. g. , data interpolation using quartic PH splines.

Key words; computer aided design (CAD) ; Bézier curve; control polygon; offset curve; quartic PH curve; interpolation
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Fig.2 The first example of two families of quartic PH curves constructed ( (a) curves with smaller bending energy and absolute

rotation numbers are not self-intersected; (b) curves with bigger bending energy and absolute rotation numbers are self-intersected )
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Fig.3 Two quartic PH curves with their offsets of the first example when a = 2

((a) none self-intersected curve with its offsets; (b) self-intersected curve with its offsets)
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Fig.4 The second example of two families of quartic PH curves constructed ( (a) curves with smaller bending energy and absolute

rotation numbers are not self-intersected; (b) curves with bigger bending energy and absolute rotation numbers are self-intersected )
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PH 3526, #EIEl 2 M s, 4 BUE & P, =
0,P, =3.542i,P, =6 5T a=1,---,10 By
WP PH M, S HeAcAs 20 iy m e th 26, 35 1
gyt AR R U, A R A n I Sl
RETE A0 e A . R BRI TAHRIN S5 a
1520 F G (E i 2k HA AE R oK (EE 2 (a) HR Y
M B A B/ ny 2 il 58 = A e % 4L, th 46 B
225 B 2(h) iyl 2 B BRI 2 AR iR iE
R, R A AS M e, S5 B s RSk
B35t T a =2 B, AR SCO7 e b 3 19 il 6 )%
HAER 2, B4R PH 4, B RN
FEAZR
F1 E2hWHKRHME/ILAMELE

Table 1 Comparison of curves’ geometric

measures in Fig, 2

K2(a) Kl2(b)
I AR BeR R UK BHhAER HEAERL

—_

7.6177 0.6305 0.3428 7.6177 57.8396 0.874 0

2 7.6832 0.6542 0.3508 7.6832 53.8819 0.8730

3 7.7469 0.6924 0.3606 7.7469 50.3191 0.8725

4 7.8011 0.7292 0.3692 7.8011 47.660 8 0.872 2

5 7.8466 0.7620 0.3763 7.8466 45.663 5 0.8720

6 7.8849 0.7907 0.3823 7.8849 44.1220 0.871 8

7 7.9176 0.8156 0.3873 7.917 6 42.900 4 0.871 6

8 7.9458 0.8374 0.3915 7.9458 41.909 8 0.8715

9 7.9702 0.8565 0.3952 7.9702 41.091 1 0.871 4

10 7.9917 0.8734 0.3983 7.9917 40.4032 0.8712

TEE 4 B2 h, g BUH R Py = 0, P, =
3.5+10i ,P, =6 45T a =1,---,10 K&
U PH 2k, O EACH B P I Tk, 35 2 45 i
AR 4 2R LA A 45 2R A L A
OB RSE . EEBIX T MFE NS o 1R
R A MR AT I HIE 4 (a) g 2R
A/ IR S it RE A e L B, 2k G A S TR 4
() ey il e FLAT B8R 4 25 2 A0 e 2 e, 2R B
O A SE 2R 8 N B S PRI TR L S
T a = 2 I A4Sy ki s vl 2 B A5
2k, Bl T PH 2O S E AR R 1Y, 1A B il 22
EF NI

4 % @

x2 E4PARMELAEIER
Table 2 Comparison of curves’ geometric

measures in Fig. 4
Kl 4(a) Kl 4(b)
K BhheRE Refd UK BHhaER BER R
1 23.8883 0.8199 0.5919 23.8883 2.3481 0.7325

2 241119 0.8129 0.5955 24.1119 2.2895 0.734 0
3 24.3979 0.8059 0.6004 24.3979 2.221 4 0.736 2

4 24.6479 0.8009 0.604 5 24.6479 2.168 4 0.738 0
5 24.8571 0.797 3 0.607 8 24.857 1 2.127 9 0.739 4
6 25.0319 0.7946 0.6105 25.0319 2.096 5 0.740 6
7 25.1793 0.7926 0.6127 25.1793 2.0715 0.741 6
8 25.3048 0.7911 0.614 6 25.304 8 2.0512 0.742 4
9 25.4127 0.7899 0.6161 25.4127 2.0345 0.743 0
10 25.5065 0.788 9 0.6175 25.5065 2.0204 0.743 6

A}
|}
1
1
1
1
1

1

-
- -

~aa

S~

(a) AN F SEAh 2 B HARRE 2 (b) H AZMHh £ e AR R AL

BIS5  a =2 W5 2 ASERIR I A UK
PH 2k K AR 2
Fig.5 Two quartic PH curves with their offsets
of the second example where ¢ = 2
((a) none self-intersected curve with its offsets;

(b) self-intersected curve with its offsets)

s Tk

ARICHE 45 P T 3 BRI AR E R L AR
JRAEX 3 AU PR PH 2 A48 3 ] T 4 16 Dy
— AN S — TC R T R SR g ) L
I, FACRCHEAS 5 B AT 1, 2 S S48 e i, A
HIE PR IR PH 20 AR (B A 1R o AR SO i
POy PH il L AR TS 70 b ZE AR A TR A 20 #, 45 1
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PHiREEE, RRXEE, X35 / iR(ELALEHIERAIINR PH HZHDIE

§25% /7 H) /2020 7 B
T—IL R E TR R 30, BE— 2P R I T PR
1 T 2 Fg 3 305 o

TIRAE R AW, A S5 1 AT A o i YRk PH

ik, HESS BT AE AR 835 R 5 il 2 it A7 52
HA R T RO 2 i RE A 4 X e B B T
B AN RT3 fige b A RCHERR A SS 2 IRIE, A
SCTT 5 TS558, W R

IR, o1 TS5 86 AR 25 8 i s iR U 1) B85 By
PRI AF AT, A 1 JC % B4 ] T #  pU vk PH
FEARIER . ASCT ARGk ZEHE) ", TXJ‘EM,M“EE’JEIH
A HIPY IR PH 2 BEAT AR (E 8 3, 4 Ja ] ik —
AT PH AR A& A ] REdE o
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