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Abstract STEP-NC is a new interface standard for data exchanging and sharing between CAD/CAM and CNC, and the
CNC based on STEP-NC will be the next generation of CNC controller, which not only holds linear and circular interpolation
but also possesses the capability of spline interpolation. A universal NURBS ( non-uniform rational B-spline) based
interpolator was designed and the interpolation technique based on constant arc increment and interpolation algorithm were
inverstigated arc increment. The validity and reliability of algorithm was tested by an instance simulation and machining.
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1 Introduction

Currently, most computer numerical control
(CNC) machines are programmed in G & M codes
(formalized by IS06983 ), which is a low level
language specifying mainly the cutter motion in terms of
position and feed rate. Since it delivers only limited
CNC ( excluding the

information, such as part geometry and process plan

information to valuable

implicated in the NC code) , it makes CNC nothing but

XEHES: 1006-8961(2007)01-0171-06

an executing mechanism completely unaware of the
motions being executed, and makes it impossible to
realize data exchange and sharing between CAD/CAM
and CNC system'''. Furthermore, ISO 6983 only
support linear and circular interpolation and does not
support the spline data, which makes it incapable of
controlling five or more axis milling.

Currently, a new and comprehensive language for
CNC, called STEP-NC is under development by ISO
TC184 SC1. STEP-NC data model not only contains a

detailed geometrical description of the part but also
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detailed
furthermore, it support spline data. Since STEP-NC

contains  the technology  description,
data model is an extension of STEP application in
numerical control machine, its geometrical description
is harmonized with STEP data format. In STEP data
model free curve and surface are described with

uniform NURBS.

accurately express all standard quadratic parametric

Because NURBS not only can

curses, such as line, circle and ellipse and so on, but
also can express other complicated parametric curves,
it is applied significance to develop a universal
interpolation technology based on NURBS for intending
CNC system based on STEP-NC data model.

Several researchers have developed real time
parametric interpolators for curve generation using non-
uniform rational B-spline (NURBS). Syh-Shiuh Yeh!”
proposed a speed-controlled interpolation algorithm with a
adaptive federate. Since the chord error in interpolation
depends on the curve speed and radius of the curvatures,
the feed rate in the proposed algorithm is automatically
adjusted so that a specified limit on the chord error is
met. Wang and Yang'™ have implemented trajectory
generation via cubic and quintic spline using chord length
and nearly arc length parametrization. The nearly arc
length parametrization resulted in smaller feedrate
fluctuations compared to chord length parametrization.
This was follewed by the work of Wang and Wright™*',
who recommended using more points in fitting the spine at
high curvatures, in order to reduce the feedrate
fluctuations due to the nearly arc length parametrization
errors. This paper presents a NURBS interpolation
technology, using a constant arc increment( As) at each
step to maintain a stable feedrate. This way, feedrate
fluctuations arising from the difference between the spline
parameter (typically the chord length) and tke arc length

are avoided, so constant feedrate are then obtained to

high speed machining system.

2 NURBS definition

NURBS is abbreviation of Non-Uniform Rational
B-Spline, a NURBS curve is generally expressed as

follows,

zn,“’.‘diNi,k(u) N
P(u) = ————— = ¥ 4R, (u) (1)
YoM

oN,, (u)

Z w,‘Nj,k(u)
j=0

Where u is a scalar parameter which varies from 0

R, (u) = e (0,11 (2)

to1, and N, ,(u) are order k basis B-spline functions;

d,(i=0,1,--,n) is an ordered list of deBoor points

(also called control points) ; w, is an list of weigths-

data. Given a knot list U = [ ug,u,, > ,u,,*,u,,,],

k=1 and n= 0, the associated normalized B-splines

N, ,(u) of order k in the formula (1) are defined by
N () = {1 u, Sus<u,, (3)

0 other

u

) u-u; U — U
N, (u) =ﬁNi,k—l(u) +'TNL'+1,A—|(”)

(4)

ivk-1 — W itk i+l

(i=0,1,--,n,k=0)and assumpsit 0 =0

0

3 NURBS interpolation algorithm

3.1 Interpolation functions in the CNC based on
STEP-NC

Most traditional CNC systems only hold linear and
circular interpolation, for machining other kinds of
complicated parametric curves engineers have to
develop corresponding interpolation algorithms, which
certainly debases interpolation efficiency of CNC
system. Since NURBS not only can accurately express
all standard quadratic parametric curses but also can
express other complicated free curves and surface, this
paper develops a universal interpolation module based
on NURBS. When CNC system machines different
curves, by giving proper parameters values for uniform
NURBS expression, it can interpolate and machine
corresponding curves and surface.
3.2 NURBS data pre-processing

Data pre-processing is a necessary precondition for
interpolation computation. It mainly processes the data
picked-up from STEP-NC program explainer to form
NURBS expressions describing tool trajectory. In this
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paper we main study cubic NURBS interpolation
technology.

STEP-NC data model not only contains machined
part abundant technology information but only contains
detailed geometrical description. Machined free curves
and surfaces are described by uniform NURBS in
STEP-NC program,
explained by STEP-NC
NURBS data can be

including degree of function, control_peint_list, knot_

so when the NC program is
explainer, some defining
automatically abstracted,
list, knot_multiplicities, and weights_list and so on.
When these data are input into data pre-processing
module of CNC, by Eq. (1) and recursion (3) and
(4) NURBS expression describing tool path can be
automatically generated. Because the total tool
trajectory is composed of multi-spline segments, it is
necessary to generate each spline segment expression.
(u-u)’

(w5 =) (g =) (- wy)

(u‘uj>z(uj+2 _u)

In this work we deduct a simple algorithm to create
leach spline segment expression as follows;

Suppose the parameter v € [u;,u,,, ], based on
local characteristic of cubic NURBS, in this parameter
interval there be only four nonzero basis B-spline
functions N, ,(u) (j=1, i-1, i-2,i-3), and the
others are all equal to zero. Therefore, corresponding
the ith segment polynomial P,(u) can be expressed as

follows ,

i o d;N; ;(u)
Puy = T
2 N, (u)

j=i-3

u e [ui'ui+l] (5)

In Eq. (5) when w;, d;, u, are given certain
values P, (u)
functions N, ;(u). Based on recursion Eq. (3) and (4)
N, ;(u) can be deducted as shown in the Eq. (6).

is only decided by basis B-spline

(u—uj”)l(ujM -u)

(”j+4 _u‘j+1)(u’j¢3 _u‘j+l)(uj+2 _"’j+l)

Nj'a(u) =4

(u—uj)(uj”—u)z (1,5

+ +
(”ju "”’j)(ujn ’”,')(”j+2 _uj+l) (“‘j*s —uj)(u’j+3 _"’j+l)(uj+2 _uju)

(w3 =) (a5 =00 (505 - 0y5)
(u-u) (g, —u)?

(uj+4 _u‘j+1)(uj+4 _uj+2)(”j+3 _”j+2)

(u,'+4 _u’)3
(g =) (g = 00) (g 'uj+3)

0

By substituting @, (u), Q,(u), Q, (u) and
Q,(u) for sub-Eq. (6-1),(6-2),(6-3) and (6-4)
respectively, then the ith segment polynomial P, (u)

can be written as follows,

=wi—3di—304(u‘) +0).'-2di-203(”)

P.(u)

"’i—304(”) wi—203(u)
wi—ldi—loz(u) widtol(u)
“)i-loz(u) ¥ wiQI(u) (7)

So by Eq. (7) we can educe each segment
polynomial expression of NURBS.
Notice; when Q, (u), Q,(u) and Q,(u) are

we [u,u,,) (6-1)
(uj+3 'u)(u_u,-)(u‘ujn)
velu,,,u,,) (6-2)
_u)(u,-+4 "u)(u_uju)
(”j+3 '”'ju)("'ju _uj+l)(uj+3 _”jn)

ue[”,wzv”jn) (6-3)
ue [”,43 9“,44) (6-4)
u(Z[u,',“,-M) (6-5)

(6)

being computed in Eq. (7) the i should be replaced by
i—3,i-2 and i -1 respectively.
3.3 Constant arc increment interpolation

In CNC machine tool, the task of interpolation is
to compute a sequence of reference points that
constitute the desired tool path, and tool moves along
those points to approach theory profile. The NURBS
interpolation is to calculate parameter value u for each
interpolation point during machining.

By Eq. (1) we can see each point vector function

can be computed by parameter u, so it is conceivable
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to compute interpolation point through parameter u,
that is to say, using constant increment Au to calculate
of NURBS during pre
interpolation period. Due to NURBS function is not

next interpolation point

linear with parameter u, the chord length between two
consecutive interpolation points is different. When the
different chord

interpolation period, it is inevitable to result in feedrate

tool passes length in the same
fluctuating, which in return affects machining precision
of part. On the other hand, it is difficult to optimize
Au value. If the Au is given too small value there will
be a mass of interpolation points, which may affect
machining efficiency, while as a large value can result
in obvious machining error. To avoid feedrate
fluctuation we develop an interpolation algorithm based
on constant arc length increment, which could satisfy
invariable machining speed.

3.3.1
Ideally, the total of length the composite NURBS

Estimation of arc length

is calculated by numerically integrating the arc lenélh

for each segment, and summing the segment length as,

L=ﬁsi=ﬁfds (8)

Where, L is the total composite NURBS length and s, is
the ith NURBS segment.

calculate prototype function of integral in Eq. (8), so

Since it is difficult to

in this work L is evaluated by the chord length. The
evaluation error mainly depends on discrete method, so
this paper employs distance that is the product of
feedrate and interpolation period to break up NURBS.
Detailing is as follows,
(1) Discretization of the NURBS
Normally, knot_multiplicities is given 4 for the
cubic NURBS curve, so the parameter u is defined
between u = u, and u = u,,, and the value i in Eq. (7)
belongs to i=3 and i<n. For a two dimensional case,
P.(u) and d; can be written as,
P.(u) - [P,,.-(u) L4, - [dm]
P, (u) d,;
Suppose F is the planned tool feedrate and T is
the interpolation period, and M, is count of discrete

points of the ith segment NURBS, then the chord

length I, between two consecutive points P, (u;) and
P.(u,,,) and M, can be expressed as, respectively,

L= \/(Px,i(ui+l) _Pz.i(u’i))z + (Py.i<ui+1) “Py,i(ui))z
(i=3,4,-,n) (9)

L .
M, = d(_) =3,4,-, 10
roun T (i n) (10)

(2) Calculation of interpolation points
Based on above [, and M,, the chord length
increment Al, for the ith segment NURBS becomes as,
Al =ﬁ (i =3,4,--,n) (11)
Considering k = 1,2, -, M,, to be the chord
increment counter, the corresponding point (x, ,,¥,,)

on the ith segment NURBS is computed as,

z wd, ;N;; (k- Al,)
j=i-3

Xk F
2 ijj.S(k * Al;)

j=i-3

> wd, N (k- AL)

j=i-3
Y N, (k- AlL)
j=i-3

(3) Calculation of the total arc length

(12)

Yin =

By the Eq. (12) the arc length between two
successive points can be expressed as,
Sie = \in,k - xi,h-l)z + (yi,k - yi,k—l)2 (13)
(" = 3,4,"',TL; k= 1,2,"‘,Mi)
Hence, the total arc length of NURBS can be

evaluated as,

n Ml

Y Y s (14)

i=3 k=1

N

L = Z}dsz
0

j=1
3.3.2

To avoid feedrate fluctuation, in this work we

Interpolation based on constant arc increment

propose a interpolation algorithm based on the constant
arc increment As. The path increment As is determined
in such a way that, supposing F is the highest value of
tool feedrate and T is the interpolation period, and by
the above calculated the total arc length L, then the
total number of interpolation steps M and resulting in a
path increment As at each interpolation step are

calculated as follows"’

M = round(ﬁ) (15)
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Once As is worked out, by which the parameter u

(16)

corresponding to next interpolation point can be figured
out. consequently, the x axis increment Ax and the y
axis increment Ay are all can be computed to servo
sub-system. Noting that, it is necessary to determine
which segment NURBS the current interpolation point
locates before computing parameter u of next
interpolation point. If B, is the number of interpolation
steps of the ith segment NURBS, and AL, is the arc
length of the ith segment, then the following equation
holds,

AL =1 S
‘T As T As

When the interpolation point is at the ith segment

(i =3,4,+,n) (17)

NURBS, the parameter u can be calculated by the
following equations,

As = JAx® + Ay (18)

z wld,,ij‘Q(u)
j=i—3.

2 w;N,;,(u)
J=i (19)

,zzwjdy‘ij,z(”)
Z =3

2 w;N; 5 (u)

isTs
Since the NURBS expression and the previous

Ax =%, - %, = Xk

Ay

Yiksr — Yi ~Yix

position (x,,,y,,) are known, the problem is to find

the new chord parameter u, so that the fixed arc .

increment As is realized. Combining Eqs. (18) and
(19), the new chord parameter can be obtained by
solving the root of the below sixth-order polynomial :
F(u) =agu’ + a0’ +au* + a0 +0,0° +auva, (20)
The solution of Eq. (20) is obtained through
Newton iterative method. In the Eq. (20) coefficients
as,a5,a,,a,,0,,a, and a, are all real numbers, and
basing on the above interpolation principle a unique
real number root must be existence in the Eq. (20).
Suppose the parameter u,, corresponds to the point
(%;,,7:,) and the parameter u,,_, corresponds to the
point (%, ,_,,¥,,.,), then in order to reduce time of

iterative calculating the initial proximate value u, is

defined as follows:u, =u, , + (u,, —u,,_,), where u,
e (u;,, 1), and the iterative error ¢ = lu,,, -
<107%.

Although F(u) has a relatively high order, the

experiment proved the method have properties of rapid

u;

convergence and calculation stability, making this

approach feasible for real-time implementation.

Furthermore, before interpolation the main of
computation has been finished, and it is only to
calculate Eq. (19) and (20 ) during real-time
interpolation, which can fully meet the needs of

interpolation speed.

4 Analysis of interpolation error

From the above interpolation technology we can
see that the interpolation points are all along at tool
path during the machining, hence, position error is
zero. The interpolation error is mainly caused by
approximate calculation of arc length. In this paper we
use an effective method to discrete the NURBS, and by
this method the density of interpolation point is
considerable dense, making the desired machining

precision of part can be absolutely realized.

5 Simulation results

In order to validate the correctness of the proposed
method, an algorithm instance programmed by Visual
and Open GL was through
The attribute data of NURBS surface

instance and corresponding manufacturing data were

C++ demonstrated

simulation.

firstly extracted from the new NC program by STEP-NC

explainer. Their values are as following:
the 3-D control points[4][4][3]

={{-1.0f, -1.0f, 0.0f}, { -0.5f, 1.0f,

0.0f}, {1.0f, -1.0f, 0.0f }, {1.5f,

1.of, 0.0f}}, {{ - 1.0f, 1. Of,

-1.0f}, | -0.5f, 1.0f, -1.0f}, {1.0f,

-1.0f, -1.0f }, {1.5f,1.0f, -1.0f} |,

{{-1.0f, -1.0f, -20f}, {-0.5f,

1.0f, -2.0f}, {1.0f, ~1.0f, -2.0f {,

{1.51,1.0f, -2.0f} }, {{ -1.0f, -1.0f,
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-3.0f}, { -0.5f,1.0f, -3.0f}, [1.0f,

-1.0f, -3.0f |, {1.56,1.0f, -3.0f} |,

weights w, ; =

(11,1,1,10,§1,1,1,14,{1,1,1,14, {1,1,

1’1} } b
knot list U[8] =V[8] =1{0,0,0,0,1,1,1,1},
the orders k = | =3, the knot multiplicities is 4.

The NURBS surfaces machining trajectory formed

by employing the above interpolation method is shown

in Fig. 1.

Fig.1 The tool path of the NURBS

6 Conclusions

This paper has presented an interpolation method

based on constant arc length increment and developed

a data pre-processing module. By an instance test the
interpolation algorithm has been proved to avoid
feedrate fluctuating during machining, consequently,
higher machining precision and quality of surface can
be obtained. Furthermore, in the fact CNC machining,
it is necessary to take into account tool compensation,
and acceleration and deceleration control at the start
and the end of machining. These issues are to be

discussed in the other papers.
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